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Abstract

In this paper we discuss certain optimization problems which have their
origin in infinite-dimensional control problems. The optimization problems

are of the form:

inf i| ®-h||_, where ®eL’, can
QO [=-]
heH

be factored as ¢ =YW, ¥ an inner function and W a proper rational funtion.
Problems of sensitivity minimization for plants with a rational function with
a single delay in the input lead to an optimization problem of the above type.
Existence of a solution to such problems is easy to prove but in general
there is no unique solution. We discuss the question of uniqueness based on
a criterion due to Adamjan, Arov and Krein and recent work of Sarason. For
some special cases, we give a parametrization of all solutions when there
is no uniqueness. These problems are equivalent ot extension problems for
Hankel operators.

We discuss how the ideas and methods discussed in this paper can be
used to solve problems of sensitivity minimization for certain distributed

parameter systems.
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1. Problem Formulation
Consider the following feedback control system:

d

u -a:§§?)—-f2-- P f ‘\22/ >y

\

C

Here P(s) is a causal transfer function, the plant, and it is required
to find a compensator, with causal transfer function C(s) which achieves
internal stability and minimizes the weighted sensitivity function in the

infinity norm:
[ W(s) 114 (s)C ()1 2|, (1.1)

where W(s) is a proper, stable, outer rational function, normalized to be 1
at infinity. The plant P(s) is not assumed to be a rational function. In

this paper we concentrate on the case
P(s) = e'SAPO(s) (1.2)

where Po(s) is a strictly proper rational function which is outer.
The choice of W as proper (and not strictly proper) makes the problem
difficult, since in general there is a high degree of non-uniqueness in the

solution.

2. Notation, Mathematical Formulation and Preliminaries
We follow the basic notation of Hoffman [1962] and Garnett [1981].
Let D = {zeC||z|<1) and n* = {zeC|Re z>0}. By HP(D) or HP(x*), 1<p<=,

we denote the Banach space of holomorphic functions in D or nt with the

usual norms. Given a geHP(D), let

hew) = (140 2/ Pe((w-1) (we1) ™). (2.1)

Then heHP(n"). The mapping g = h is an isometric isomorphism of HP(D) to
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HP(n*). We shall usually work with HP(n*) and the argument will be
omitted.
We assume the plant admits a co-prime factorization:

P(s) = Q(8)¢-1(S), 9.¢eHm
(2.2)
J a.b,eH”, such that, agp+bp = 1.

By the Corona Theorem (cf. Garnett [1981], p. 324) this will be true if,
there exists a 8>0, such that

leG) ] + oG] 28 ¥ wen'. (2.3)

We also assume that P(s) is the transfer function corresponding to a

causal, time-invariant, linear bounded operator
2 2
T.Le(R) -9LG(R). (2.4)

where Lg denotes the extended Lz—space (cf. for example Desoer and
Vidyasagar [1975]. A characterization of such transfer functions can be
given in terms of the Paley-Wiener—Schwartz theorem (c.f. Segal [1955],
Theorem 3).

The Youla parametrization of compensators achieving stability is then
valid for this more general class, We say that the causal feedback

compensator C(s) renders the feedback system stable of

u,dsL? Se,v,2,yel2. 2.5)

Such a compensator will be termed admissible and (2.5) is true if and only
ir

(1+P(s)C(s)) L, P(s)(@+P(s)C(s)) ™Y, C(s)(1+p(s)C(s)) L & B, (2.6)

Note however internal asymptotic stability of the canonical state—space
realizations corresponding to each of these transfer functions is not

necessarily guaranteed in this general setting. Some form of exact
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controllability and observability conditions will have to be verified for
this to be true. We then have

Proposition 2.1
C is an admissible controller 6—93 ZeH”, Z#bp'l such that

e 2.7)
b—QZ
I |

As is well known, the original sensitivity minimization problem does not
admit a solution and it is necessary to consider a relaxed problem. In the

standard way, we consider the relaxed problem

Min | |Ww+gn||_, (2.8)
heH”

where WeH” and is outer and geH” inner. (2.8) is equivalent to the problem

of minimizing the distance

d(gw, B, (2.9)

where ¢ denotes the conjugate of g.

If W is proper and not strictly proper, $WeL° and in general there is
no unique solution. If W is strictly proper, gWeH™C (H"+C = set of
functions f+g, feH™, geC (the space of continuous functions)), then there
is a unique solution (c.f. Garnett {1981], Theorem 1.7). If ¢ has an
essential singularity on the imaginary axis at the point p then ;WeHm+C —
W(p) = 0. In this case there is a unique solution to (2.8).

3. Generalized Interpolation and the Theory of Hankel Operators

The results of this section are contained in Sarason [1967, 1985] and
Adamjan, Arov and Krein [1968].
Let H be a Hilbert space and K a closed subspace. Let Se#(H), the

space of bounded linear operators from H to H. Let

Ti= B8 | (3.1)

T is the compression of S on K and S is the dilation of T on H. Now let
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1
H=H? and K=(9H2) where ¢ is an inner function. Let WeH~ and let My be the
corresponding multiplication operator on Hz. Clearly Mw e y’(Hz) and
Mgl lpu2) = 119] |-

Let T = PK“WII(' W is termed the interpolating symbol of T. Consider

S

the semigroup of translation s e A and the compressions SA = PKMe'SAIK'

Then,

Proposition 3.1. Te4(K), TS, = S,T ¥A>0 -7 ZeH” s.t. T = PM,|, and
Ty = 112 ©

Z is the minimal interpolating symbol of T. Returning to the relaxed
sensitivity minimization problem (2.8), if we take K = (csz) , T = PKMWIK'
then

Min |[Weph ||, = [1T]] k- (3.2)
heH

Let feK and f#0. f is called a maximal vector of T of
Hee =11zl 11£]] (3.3)

Proposition 3.2. Let f be a maximal vector T. Then

_Tf
¥ =77

is a minimal interpolating symbol of T, which is a constant times an inner
function.
It is clear that T has a maximal vector iff T'T has a maximal

eigenvalue, and p(T'T) = IIT‘T“ = ||T||2 and hence ||T|| = (p(r°T))1/2,
Finally if T is compact then T has a maximal vector and T is compact
> pWeH™+C,

An operator,y{':ﬂz -)(Hz)l is a Hankel operator ¢=3 a symbol ¢el” such
that.7f’=P_M¢|H2. where P_ is the projection on (Hz)~L . If.#is a Hankel
operator with symbol ¢, then ¢’ is a symbol of #%—>¢-¢' e H . The operator
T = PKMWIK defines a Hankel operator . #= P_MaT, with symbol ;H. Clearly ¢
is a symbol of #4—>¢p is a symbol of T.

Let .#’be a Hankel operator with ||#]|| = s. Then on H2(D), we have the
following criterion for the uniqueness of the minimal symbol of,x#.
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Theorem 3.3. H has a unique minimal symbol €———>

lim <(p21-#01.1,1> = =,

pés
where 1 is the function identically 1 on H2(D). (.
The function 1 transforms to b on H%(n*). 1In case there is no

s+1
unique symbol, one can obtain a parametrization of all minimal symbols of
by the following generalization of the Schur algorithm for interpolation.
Let

A, = (1=elys 0<e<l. Let (3.4)
= A 1/2 -1 %, -1

q, = @2 21| 7] o)™,

re ='y<z)qs

The sequences {qe} and {re} are uniformly bounded on compacts of D and
hence there exists a sequence &n —0 such that q, ', converge uniformly on
the compacts of D and hence to g, * in the space of holomorphic functions

on D. Let

U= . (3.5)

Theorem 3.4. ¢ is a minimal symbol for #%—> ] ¢e/XH®) (the unit ball of
H”(D)) such that

= g = AYE
9= Uy re+q
# is unimochular ¢-¢ is inner. O

On Hz(n+), we have to use q’ and r’ in the definition of U, where
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(s+1)q"

el
[}

Lo
"

(s+1)r'

4. Sensitivity Minimization for Delay Systems.
This section follows Flamm [1985], Flamm and Mitter [1986], and
Fagnani [1986]. See also Foias, Tannenbaum and Zames [1986].

In the first instance, we take the plant to be P(s) = e'SA, and the

n
weighting function W(s) = n(s)d 1(s), with n(s) = ﬂ(s+ai) and d(s) =
n i=1

T\- (s+by), a5, by > 0. In this case K = (e73AH) and T = PgMylg. It is

i=1

easy to show that

,’J)_I(K) = L2(0,A)g L2(0,w), where

@#is the Laplace Transform considered as a unitary operator between LZ(O,G)

and B2 and ¢! denotes the inverse Laplace Transform. Defining

v =,7'—1T2] 2 , we see that V ¢ .‘Z’(LZ(O.A))
L7(0,A)

and

V = I+S where S is the Volterra operator (4.1)
t

(S£) (t) = _[G(t—s)f(s)ds ¥t e [0,A] and (4.2)
0

at) =4 T ™. (4.3)

The kernel G(t) has the explicit representation

G(t) = } ase 3 , where (4.4)
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= [n(-b )=d(-b )] ﬂ(bi - by s (4.5)

a
J i#]

Since T and V are unitarily equivalent, in order to calculate the
maximal eigenvalue of T°T (if it exists) it is useful to obtain a state-

space realization of V'V.

Proposition 4.1. The operator V'V is realized as the map f =z, where

sil = -Dx1 + a'f; x1(0) =0 (4.6)

where D = diag. (by,...,by) e = (1,1,...,1)' and a = (eg,...,0,)". _
Now,
* * *
VV=1IH+(S+S +5 S)

"

Identity + Compact operator, and hence
a(V*V) = 1+0(s+s*+s*s).

Therefore, the spectrum of V'V consists of a succession of eigenvalues
with a possible point of accumulation at 1 and the point 1 whose spectral
type is not known a priori.

From this we may arrive at the following criteria for the existence of
maximal eigenvalues:

(1) If U = S+5°+5%s is a non-negative operator, then v*V has a

maximal eigenvalue.

(i1) If J M20 such that [W(iw)[>1, YwM, then V'V has a maximal

eigenvalue greater than 1.

Now,
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R 2 2 n 2.2
WEw) | > 1 e TT (w™+a%) > T (%), (4.7)
i=1 "7 4. L

and we may conclude that

n n
2 2 *
} ay > } b1 =V V has a maximal eigenvalue. (4.8)
i=1 i=1
Also,
n n
.
} a; 2 } bi —V V has a maximal eigenvalue. (4.9)
i=1 i=1

Let us denote by 12 the maximal eigenvalue and g the corresponding
eigenvector. Then from the theory of Sarason it follows that the optimal
sensitivity is given by

_ HAVg)
X—W%T . (4.10)

Indeed, we have the following expression for the optimal sensitivity.

Proposition 4.2. There exist polynomials v,c of degree (n-1) such that v¥
= 22¢% and

2 n(s)e(s) - e 34 (s)v(s)
2 —-SA
A“d(s)e(s) - e " fA(s)v(s)

X(s) = A (4.11)

where for a polynomial P(s), B(s) = (-1) degree P P(-s).

Proof: From (4.6)
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c'(sI—D)‘lxz(O)

f(s) = 2(£(s)) = — ~ =)
A"=(I-c’(sI-D) "b)(I+c’(sI+D) b)

c(s)d(s)
22d(s)d(s)-n(s)f(s)

where c(s) is a polynomial of degree (n-1), and hence
_ £ e
£(6) = ) (ae * +ae 1), (4.12)

where Bi are the solutions of

224d-nff = 0 and o, (4.13)

are appropriate coefficients.

The eigenvalues of v*V are obtained by restricting the functions given
by (4.12) to the interval [0,A] and are of the form

cd—e—SAb

F(s) = 2] g 1) = 7
-n

» (4.14)

where b is an appropriate polynomial. One can then compute

n
e =) (a (B, )e
i=1

Bt Bt

+ aiﬁ(si>e Y (4.15)

By computing, V'Vf = Vf + S*Vf, and imposing the condition V*Vf = A2f, we
obtain

B - -B
T oW e | a e
) . =0 Vi. (4.16)
1=1 “P4*By by~
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By computing, Z((Vf)), one obtains the expression for the optimal
sensitivity

-sA ~
n(s)c(s)-e " v(s)d(s) (4.17)

X(s) = - v
d(s)e(s)-e v (s)

It remains to find the relation between the polynomials c¢,v and b, It can

be shown
b(s) = —%<ﬁ(s)v(s), and (4.18)
A
v(s)¥(s) = aZe(s)a(s), (4.19)
which concludes the proof. |-

4.1 The One-Pole One-Zero Case

s+1

6" We have the following theorem.

In this case W(s) =

Theorem 4.3. If B<1, then there exists a maximal vector and the optimal

sensitivity is given by

x(s) = 2Re g (4.20)
rd-e SAn

If B>1, no unique solution exists. All minimal symbols are given by

G & n(s)-e >2d(s)g(s)

— , ¢ eBH). (4.21)
4 d(s)-e Ap(s)p(s)

X¢ is inner ¢—¢ inner.

Proof. The first part of the theorem follows from Proposition 4.2. The
second part of the theorem follows from Theorem 4.3 and 4.4. (I
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n(s)
d(s)

Remark 4.4. 1If we take ¢=0 in (4.14) then we recover W(s) = as a

minimal symbol and this corresponds to applying open—loop control. By

taking ¢=1, we obtain the minimal symbol

n(s)—e-SAa(s)

x(s) = —
d(s)-e *a(s)

’

which is inner.

2
___(s+1)
4.2 The Case where W(s) = sta) (s7p)” a, B>0.

This case is far more complicated. If a+522, we obtain a wunique

solution. This follows by applying the criterion (4.9). Now

[W]], =1 e 2 1.

In this case, one can show that W is a minimal symbol. Now assuming a#1,
B#1, we obtain the following theorem which is the analog of Theorem 4,3

Theorem 4.4, a521 —> no unique solution exists. All minimal symbols are

given by
n—e-SAav
X ik i , where (4.22)
4 d-e_SAﬁ
7
?
¥, owDASEL) 95 o . enTy. and (4.23)

o) vi+b(s-1)¢
V is a polynomial of degree 1 and b is a constant.

Proof. The proof of this theorem follows from a detailed application of
Theorems 4.3 and 4.4. ]

Remark 4.5. It should be noted that in the above g does not necessarily
lie in H”. -
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Remark 4.6. One may conclude that in the "neighbourhood” of a+f=2, a
unique solution exists. However in the region {(a,ﬁ)|a+ﬁ>2, af<1}, it is
not known whether the solution is unique or non-unique. It appears to be

very difficult to calculate the norm of the operator T in this region.

5. Concluding Remarks.

A far more general theory can be obtained when we combine the ideas
presented in this paper (and earlier in Flamm [1986], Flamm and Mitter
[1985], [1986]) with the Scattering Theory ideas implicit in Adamjan, Arov
and Krein [1968] and the theory of realizations of infinite-dimensional
systems, as for example discussed in Fuhrmann [1981]. The basis for these
ideas are the following:

We define:

K = H%Bqﬂz E (pﬂz)l (as before),
o - iyepmd’t & Gatyht.

We have the decomposition:
2 - 2@ kO @y .

Define the Hankel operator with symbol W

s s B ot
v

Then since W e H® 1is proper (but not strictly proper) and outer,

w1l e H®. Hence
Ker(#. ) = H2

Therefore we have the canonical factorization



412

AR 4

HZ/Ker(-"//’ ) =K.
oW

where ,# and ¢/ are the reachability and observability operators. Moreover
aw with domain restricted to K has image K#. We also have,ﬂ";w:(}i2 —)Hz,
with symbol pﬁ, with domain restricted to K# has range K and the diagram
"
v €‘ w
H == (H™)

il
=

(Hz)/Ker(w{ ) =
Yy

To conform to systems theory, one should regard ngh = P+(§pf) as a causal

operator and-7/’$w as an anti-causal operator. The canonical state space
realizations corresponding to these two Hankel operators will be exactly
controllable and observable (at least when Range (”$w) is closed, which can
be ensured by a Corona condition on the pair (p,W)). Finally,

PK'W;ﬁwaﬁwPK = T'T, and therefore the eigenvalue problem for T‘T is the
same as the eigenvalue problem for ‘”%%*"%W considered as an operator from
K to K. One should therefore work with the realizations of.%%w and.#%w

instead of T and T‘ as done in this paper. It is also clear that a large
part of the state space constructions of Glover[1984]admit a generalization
to this setting.

The details of these ideas will be presented elsewhere.
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