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1. INTRODUCTION

We are increasingly confronted with very high dimensional data from speech,
images, genomes, and other sources. A collection of methodologies for analyzing
high dimensional data based on the hypothesis that data tend to lie near a low
dimensional manifold is now called “manifold learning” (see Figure [Il). We refer
to the underlying hypothesis as the “manifold hypothesis.” Manifold learning, in
particular, fitting low dimensional nonlinear manifolds to sampled data points in
high dimensional spaces, has been an area of intense activity over the past two
decades. These problems have been viewed as optimization problems generalizing
the projection theorem in Hilbert space. We refer the interested reader to a limited
set of papers associated with this field; see [3]&]9]TTL 16l 201 261 3T, 32) 4T] [43] [47)
B0LB2L55] and the references therein. Section ] contains a brief review of manifold
learning.

The goal of this paper is to develop an algorithm that tests the manifold hy-
pothesis.

Examples of low dimensional manifolds embedded in high dimensional spaces
include the following: image vectors representing three dimensional (3D) objects
under different illumination conditions, and camera views and phonemes in speech
signals. The low dimensional structure typically arises due to constraints arising
from physical laws. A recent empirical study [9] of a large number of 3 x 3 im-
ages represented as points in RY revealed that they approximately lie on a two
dimensional manifold knows as the Klein bottle.

One of the characteristics of high dimensional data of the type mentioned ear-
lier is that the number of dimensions is comparable to, or larger than, the number
of samples. This has the consequence that the sample complexity of function ap-
proximation can grow exponentially. On the positive side, the data exhibit the
phenomenon of “concentration of measure” [I9.[33], and asymptotic analysis of sta-
tistical techniques is possible. Standard dimension reduction techniques, such as
principal component analysis and factor analysis, work well when the data lie near
a linear subspace of high dimensional space. They do not work well when the data
lie near a nonlinear manifold embedded in the high dimensional space.

In this paper, we take a “worst case” viewpoint of the manifold learning problem.
Let H be a separable Hilbert space, and let P be a probability measure supported
on the unit ball By of . Let | - | denote the Hilbert space norm of H, and for any
x,y € Hlet d(z,y) = |x — y|. For any 2 € By and any M C By, a closed subset,
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let d(z, M) = infyerm |z — y| and LM, P) = [d(z, M)?>dP(z). We assume that
ii.d. data are generated from sampling P, which is fixed but unknown. This is a
worst-case view in the sense that no prior information about the data generating
mechanism is assumed to be available or used for the subsequent development. This
is the viewpoint of the modern statistical learning theory [54].

In order to state the problem more precisely, we need to describe the class of
manifolds within which we will search for the existence of a manifold which satisfies
the manifold hypothesis.

Let M be a submanifold of . The reach 7 > 0 of M is the largest number such
that for any 0 < r < 7, any point at a distance r of M has a unique nearest point
on M.

Let G = G(d,V,7) be the family of d dimensional C?-submanifolds of the unit
ball in H with volume < V and reach > 7. We will assume that 7 < 1. We consider
a bound on the reach to be a natural constraint since if data lie within a distance
less than the reach of the manifold, it can be denoised by mapping data points to
the nearest point on the manifold.

Let P be an unknown probability distribution supported on the unit ball of a
separable (possibly infinite dimensional) Hilbert space and let (z1,x2,...) be i.i.d.
random samples sampled from P.

Let B be a black-box function which when given the labels £(v),(w) of two
vectors v, w € H outputs the inner product

B(l(u), l(v)) = (v, w).

Note that while we permit the Hilbert space to be infinite dimensional, we require
the labels to be finite dimensional for the finiteness of the algorithm.

The test for the manifold hypothesis answers the following affirmatively:

Given error €, dimension d, volume V', reach 7, and confidence 1 — ¢, is there an
algorithm that takes a number of samples depending on these parameters and with
probability 1 — ¢ distinguishes between the following two cases (at least one must
hold):

(a) whether there is a

MeG=6(d,CV,t/C)
such that

/d(M, x)?dP(z) < Ce,
(b) whether there is no manifold
MeG(d,v/C,Cr)
such that
/d(M, z)?dP(z) < e/C ?

Here d(M,x) is the distance from a random point z to the manifold M, C is a
constant depending only on d.

The basic statistical question is the following:

What is the number of samples needed for testing the hypothesis that data lie
near a low dimensional manifold?

The desired result is that the sample complexity of the task depends only on the
“intrinsic” dimension, volume, and reach, but not the “ambient” dimension.

We approach this by considering the empirical risk minimization problem.

Licensed to Mass Inst of Tech. Prepared on Wed Mar 22 10:17:40 EDT 2017 for download from IP 18.9.61.112.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



986 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

Let
£(M, P) = / d(z, M)2dP() |

and define the empirical loss

S

Lemp(M) = % > d(wi, M)?,

i=1
where (x1,...,2,) are the data points. The sample complexity is defined to be
the smallest s such that there exists a rule A which assigns to given (z1,...,25) a

manifold M 4 with the property that if x4, ...,z are generated i.i.d. from P, then
P(L ,P)— inf L(M,P)>¢e| <.
M)~ jat £OMP) > ]

We need to determine how large s needs to be so that
1 S
P [sup ‘; Zd(xi,M)Q — E(M,P)‘ < E] >1-4.
g 7=

The answer to this question is given by Theorem 1 in the paper.

The proof of the theorem proceeds by approximating manifolds using point
clouds and then using uniform bounds for k-means (Lemma [0l of the paper).

The uniform bounds for k-means are proven by getting an upper bound on the fat
shattering dimension of a certain function class and then using an integral related to
Dudley’s entropy integral. The bound on the fat shattering dimension is obtained
using a random projection (along with the Johnson Lindenstrauss lemma) and
the Sauer-Shelah lemma. The use of random projections in this context appears
in Chapter 4 of [35] and in [40]. However, due to the absence of chaining, the
bounds derived there are weaker. The Johnson-Lindenstrauss lemma has been used
previously in the context of manifolds in [21[T3L28], where random projections of low
dimensional submanifolds of a high dimensional space are shown (after a suitable
dilation) to be nearly isometric to the original manifold with high probability.

The algorithmic question can be stated as follows:

Given N points x1, ...,y in the unit ball in R™, distinguish between the fol-
lowing two cases (at least one must be true):

(a) whether there is a manifold M € G = G(d, CV,C~'7) such that

1

2|

N
Z d(.’Ei, M)2 < 057
i=1

where C' is some constant depending only on d.
(b) whether there is no manifold M € G = G(d,V/C,C7) such that

N
1
~ > d(zi, M)* < ¢/C,

i=1

where C' is some constant greater than 1 depending only on d.
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TESTING THE MANIFOLD HYPOTHESIS 987

The key step to solving this problem is to translate the question of optimizing
the squared loss over a family of manifolds to that of optimizing over sections of a
disc bundle. The former involves an optimization over a non-parameterized infinite
dimensional space, while the latter involves an optimization over a parameterized
(albeit infinite dimensional) set.

The proof of correctness of our algorithm requires showing two things:

(1) If a “good manifold” exists, then our algorithm is guaranteed to find “good
local sections” close to pieces of this manifold. Therefore, if the algorithm
is unable to find good local sections, then there is no good manifold.

(2) If good local sections are found by our algorithm, then these local sections
can be patched together to form a manifold in the class of interest, such
that each local section is close to a piece of this manifold.

These good local sections are local sections of a disc bundle. We introduce the
notion of a cylinder packet in order to define a disc bundle. A cylinder packet is a
finite collection of cylinders satisfying certain alignment constraints. An example
of a cylinder packet corresponding to a d-manifold M of reach 7 (see Definition [I])
in R™ is obtained by taking a net (see Definition [Al) of the manifold and for every
point p in the net, throwing in a cylinder centered at p isometric to 27(Bg X Bp—_q)
whose d dimensional central cross section is tangent to M. In general, p need not
be at the center of the cylinder, but would lie inside the cylinder. Here 7 = cr
for some appropriate constant ¢ depending only on d, while By and B,,_4 are d
dimensional and (n — d) dimensional balls, respectively.

On every cylinder cyl, in the packet, we define a function f; that is the squared
distance to the d dimensional central cross section of cyl,. These functions are put
together using a partition of unity defined on U;cyl,. The resulting function f is
an “approximate-squared-distance function” (see Definition[IH]). The base manifold
is the set of points x at which the gradient 0f is orthogonal to the eigenvectors
corresponding to the top n — d eigenvalues of the Hessian Hess f(x). The fiber of
the disc bundle at a point 2 on the base manifold is defined to be the (n — d) di-
mensional Euclidean ball centered at x contained in the span of the aforementioned
eigenvectors of the Hessian. The base manifold and its fibers together define the
disc bundle. The base manifold is a temporary approximation to the manifold that
we are searching for.

We next perform an optimization over sections of the disc bundle in order to cer-
tify the existence of the desired manifold, if it exists. This optimization proceeds as
follows. We fix a cylinder cyl, of the cylinder packet. We optimize the squared loss
over local sections corresponding to jets whose C?-form is bounded above by 2,
where ¢; is a controlled constant. The corresponding graphs are each contained in-
side cyl,. The optimization over local sections is performed by minimizing squared
loss over a space of C2-jets (see Definition B2]) constrained by inequalities developed
in [24]. The resulting local sections corresponding to various i are then patched
together using the disc bundle and a partition of unity supported on the base man-
ifold, to yield the actual manifold. The last step is performed implicitly, since we
do not actually need to produce a manifold, but only need to certify the existence
or non-existence of a manifold possessing certain properties.

The optimizations are performed over a large ensemble of cylinder packets. In-
deed the size of this ensemble is the chief contribution in the complexity bound.
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The results of this paper together with those of [24] lead to an algorithm for
fitting a manifold to the data as well; the main additional step is to construct local
sections from jets, rather than settling for the existence of good local sections as
we do here.

1.1. Definitions.

Definition 1 (reach). Let M be a subset of H. The reach of M is the largest
number T to have the property that any point at a distance r < T from M has a
unique nearest point in M.

Definition 2 (tangent space). Let H be a separable Hilbert space. For a closed A C
H, and a € A, let the “tangent space” Tan®(a, A) denote the set of all vectors v such
that for all € > 0, there exists b € A such that 0 < |a—b| < € and |v/|v|— |Z:—g|| < e.
Let Tan(a, A) denote the set of all x such that x—a € Tan®(a, A). For a set X CH
and a point p € H, let d(p, X) denote the Euclidean distance of the nearest point
i X top.

The following result of Federer (Theorem 4.18 of [22]) gives an alternate charac-
terization of the reach.

Proposition 1. Let A be a closed subset of R™. Then
(1) reach(A) ™" = sup {2[b — a|?d(b, Tan(a, A))| a,b € A,a # b} .

1.2. Constants. d is a fixed integer. Constants ¢, C,C’, etc., depend only on d.
These symbols may denote different constants in different occurrences, but d always
stays fixed.

1.3. d-planes. H denotes a fixed Hilbert space, possibly infinite dimensional, but
in any case of dimension > d. A d-plane is a d dimensional vector subspace of H.
We write II to denote a d-plane, and we write dPL to denote the space of all d-
planes. If IL, II" € dPL, then we write dist(II,II') to denote the infimum of ||T — I||
over all orthogonal linear transformations T : H — H that carry II to II'. Here,
the norm || Al of a linear map A : H — H is defined as

| Avll2
veH\{0} vl

One checks easily that (dPL,dist) is a metric space. We write II* to denote the
orthocomplement of IT in H.

1.4. Patches. Suppose Br(0, ) is the ball of radius r about the origin in a d-plane
II, and suppose

U : B (0,r) — It
is a C%2-map and hence a C'!'-map, with ¥(0) = 0. Then we call
I'={z+9(z):2€Bn(0,r)} CH
a patch of radius r over II centered at 0. We define

0% (z) — 0V (y)|
[ ) = sup '
Il (B (0,r)) distinct «,y€ B (0,r) lz =yl
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Here,
o (z) : T — I+

is a linear map, and for linear maps A : IT — II+, we define || 4] as

o]
vell\{0} [|v]]
If also
ov(0) =0,

then we call I' a patch of radius r tangent to II at its center 0. If T'y is a patch of
radius r over II centered at 0 and if z € H, then we call the translate I' = 'g+2z C H
a patch of radius r over II, centered at z. If 'y is tangent to II at its center 0, then
we say that I' is tangent to II at its center z.

1.5. Imbedded manifolds.

Definition 3. Let M C H be a “compact imbedded d-manifold” (for short, just a
“manifold”) if the following hold:

e M is compact.

o There exists an r1 > ro > 0 such that for every z € M, there exists
T,M € dPL such that M N By(z,72) = I' N By(z,72) for some patch T
over T,(M) of radius 1, centered at z and tangent to T,(M) at z. We call
T.(M) the tangent space to M at z.

We say that M has infinitesimal reach > p if for every p’ < p, there is a choice
of r1 > rg9 > 0 such that for every z € M there is a patch " over T, (M) of radius
r1, centered at z and tangent to T, (M) at z which has C'-norm at most %.

Definition 4 (a class of imbedded C? d-manifolds). Let By be the unit ball in
H. Let G = G(d,V,7) be the family of imbedded C? d-submanifolds of By having
volume less than or equal to V' and reach greater than or equal to 7. We assume as
mentioned before that T < 1.

Let H be a separable Hilbert space and P be a probability distribution supported
on its unit ball By. Let |- | denote the Hilbert space norm on H. For x,y € H, let
d(z,y) := |r—y|. Forany € By and any M C By, let d(z, M) = inf e pq |2 —y],
and

L(M,P) = /d(x,./\/l)2d77(x).

Let B be a black-box function which when given the labels £(v), {(w) of two
vectors v, w € H outputs the inner product

B(l(u),l(v)) = (v, w).

We develop an algorithm which for given §,¢ € (0,1), V' > 0, integer d, and 7 > 0
takes i.i.d. random samples from P as input and determines which of the following
two is true (at least one must be):

(1) there exists M € G(d,CV, &) such that L(M,P) < Ce,
(2) there exists no M € G(d, V/C,C) such that L(M,P) < §.
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F1GURE 1. Data lying in the vicinity of a two dimensional torus.

The answer is correct with probability at least 1 — §. Here, C' depends on d alone
and is greater than 1.
The number of data points required (Theorem [I)) is of the order of

N In (%2 + n(671)

€2 ’

where

1 1
N, :_V<T_d+4€d/27,d/2>’

and the number of arithmetic operations is

oo (0 (4 ) nnis).

(Corollary Rlshows that N, is an upper bound on the size of a \/er-net of M.) The
number of calls made to B is O(n?).

We say that such an algorithm tests the manifold hypothesis.

If one wishes to ascertain the mean of a bounded random variable to within €, it
requires 1/e? samples. However, for more complicated questions such as estimating
a manifold to within € in Hausdorff distance, there are upper and lower bounds of

O(e#) [12]. Thus our upper bound of €~%/272 is not far from this bound.

The outline of the paper is as follows.

Section [2]is a brief survey of the literature on manifold learning.

Section [] introduces sample complexity and has the statement of Theorem 1
which is our main result on sample complexity of testing the manifold hypothesis.
This theorem is about the number of samples needed to fit a manifold of certain
reach, volume, and dimension to an arbitrary probability distribution supported on
the unit ball.

Section Ml contains the proof of Theorem 1. We reduce the problem to a uniform
bound over a space of manifolds relating the empirical risk (or loss) to the true risk
(i.e., expected squared distance between a random point to the manifold). Covering
numbers at small scales play an important role. Here, by a covering number we
mean the minimal size of a finite subset (net) of a manifold M such that every
point of M is within € of some point of the net. Primary tools include the Johnson-
Lindenstrauss lemma, the Vapnik-Chervonenkis theory (Lemma [l and Lemma []),
and tools from empirical processes (Lemma [l and Lemma [f]).
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TESTING THE MANIFOLD HYPOTHESIS 991

In Lemma [ of Section B a uniform bound over the space of k-tuples of affine
subspaces is obtained relating the empirical risk to the true risk.

In Section [6], we perform a dimension reduction that maps the manifold into a
subspace spanned by a net of the manifold. This dimension reduction maps a man-
ifold onto another with a similar reach, volume, and equal dimension. Further, the
Hausdorff distance between the two manifolds is small. Since we are not assuming
that the dimension on the ambient space is finite, such a dimension reduction is
essential to obtain a finite algorithm. Our results are stated for separable Hilbert
spaces. Once the dimension reduction is done, without loss of generality, we assume
that the ambient space is R".

In Section [7l we provide an overview of the algorithm for testing the manifold
hypothesis.

In Section Bl we give the formal definitions of the disc bundles we use in our
algorithm.

Section [ contains the key technical result of the paper—Theorem [I3

In this theorem we consider, as a function ¢ of an open subset of the ambient
space, the gradient of an approximate-squared-distance-function F°. For each point
z in the domain of ¢, we project ¢(x) to the subspace spanned by the eigenvectors
of the Hessian of F°(z) corresponding to large eigenvalues, and we use the implicit
function theorem on the zeros of that set. Specifically, we consider the set of
points where ¢ is orthogonal to the span of these eigenvectors. We construct a disc
bundle with a manifold (the “putative manifold”) as the base space, with the fiber
at a base point being given by the span of the eigenvectors corresponding to the
large eigenvalues of the Hessian of F intersected with a ball of radius 7. Every
point in the disc bundle can be expressed uniquely as a base point on the putative
manifold plus a vector in the fiber corresponding to that base point. This unique
decomposition is used later to patch together local sections to form a global section
of the disc bundle. A key component is a lower bound on the gap between the top
(n—d) eigenvalues and bottom d eigenvalues of the Hessian of F'° that is given by a
controlled constant. This gap affects both the reach of the manifold and the radius
7 of the fibers.

At this point our goal is to perform an optimization over the space of manifolds
G(d,V,7) in order to certify the existence or non-existence of a manifold having a
certain least squares error with respect to the data. Unfortunately this space is not
equipped with a vector space structure and is difficult to optimize on. Our approach
to handling this difficulty is to express it as the union of classes of manifolds, each
class consisting of those manifolds that are near a given putative manifold. Each
manifold in a fixed class can be associated with a section of a disc bundle over
the relevant putative manifold. These sections enjoy a convex structure. Since
the squared loss function is a convex function, we can use convex optimization
techniques over the manifolds in a given class. It remains to describe how we
come up with an exhaustive collection of disc bundles such that every manifold in
G(d,V,T) corresponds to a section of some disc bundle.

In Section [T, it is shown how to construct cylinder packets consisting of cylinders
isometric to 7(Bg X Bp_q) that satisfy certain alignment constraints.

In Section [[Il an approximate-squared-distance function (asdf) is defined, and
it is shown how to construct a disc bundle from such a function. It is further shown
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that if an asdf has certain properties with respect to a manifold, then the manifold
is the graph of a section of the corresponding disc bundle.

In Section [[2]it is shown how to construct an asdf using cylinder packets. Each
such function defines a disc bundle over a base putative manifold. A subset of
the manifolds in G correspond to sections of this disc bundle. It is further shown
that if the cylinder packet is “admissible” with respect to a manifold, then the
corresponding disc bundle has a section of which this manifold is the graph.

In Section M3l results on Whitney interpolation are used to give a polyhedral
description of the collection of jets that correspond to local sections with the ap-
propriate bound on the C? norm. Vaidya’s algorithm [53] is then used to optimize
over the polytope thus constructed to estimate the optimal mean-squared error with
respect to the data. The complexity of testing the existence of good local sections
for a given cylinder packet is polynomial in the size of the data.

In Section [[4l we describe how local sections are patched together to give global
sections, using a partition of unity supported on a putative manifold.

In Section [I5] we show that the reach of the manifold constructed in the previous
step is of the order of 7.

In Section [I6] we show that the mean-square error in approximating the data is
within a controlled constant C' of the optimal.

In Section[I7, we provide bounds on the number of arithmetic operations required
by the algorithm.

The Appendix contains proofs of some of the results in the main text.

1.6. A note on controlled constants. In this section, and the following sections,
we will make frequent use of constants ¢,C,Cy,Cs,¢1,...,¢11 and c12, etc. These
constants are “controlled constants” in the sense that their value is entirely deter-
mined by the dimension d unless explicitly specified otherwise (as for example in
Theorem [[3)). Also, the value of a constant can depend on the values of constants
defined before it, but not those defined after it. This convention clearly eliminates
the possibility of loops.

2. LITERATURE ON MANIFOLD LEARNING

At present there are available a number of methods which aim to transform data
lying near a d dimensional manifold in an N dimensional space into a set of points
in a low dimensional space close to a d dimensional manifold. A comprehensive
review of manifold learning can be found in a recent book [35]. The most basic
method is “principal component analysis” (PCA) [27,[45], where data points are
projected on to the span of the eigenvectors corresponding to the top d eigenvalues
of the (N x N) covariance matrix of the data points. A variation is the kernel PCA
[49] where one works in the “feature space” rather than the original ambient space.

In the case of “multi-dimensional scaling” (MDS) [15], only pairwise distances be-
tween points are attempted to be preserved when projecting to a lower dimensional
space.

“Isomap” [52] attempts to improve on MDS by trying to capture geodesic dis-
tances between points while projecting. For each data point a “neighborhood
graph” is constructed using its k neighbors (k could be varied based on other
criteria), the edges carrying the length between points. Now the shortest distance
between points is computed in the resulting global graph containing all the neigh-
borhood graphs using a standard graph theoretic algorithm such as Dijkstra’s. It

Licensed to Mass Inst of Tech. Prepared on Wed Mar 22 10:17:40 EDT 2017 for download from IP 18.9.61.112.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



TESTING THE MANIFOLD HYPOTHESIS 993

is this “geodesic” distance which the method tries to preserve when projecting to
a lower dimensional space.

“Maximum variance unfolding” [55] also constructs the neighborhood graph as
in the case of Isomap but tries to maximize the distance between projected points
keeping distance between the nearest points unchanged after projection.

In “diffusion maps” [14], a complete graph on the N data points is built. Each
edge is assigned a weight based on a gaussian. The matrix is normalized to make it
into a transition matrix of a Markov chain. The d nontrivial A; and their eigenvec-
tors v; of Pt are computed, the d eigenvectors form the rows of the d x N matrix,
and the columns of this matrix constitute the lower dimensional representation of
the data points.

“Local linear embedding” (LLE) [47] preserves solely local properties of the data
once again using the neighborhood graph of each data point.

In the case of the “Laplacian eigenmap” [3l[30] again, a nearest neighbor graph is
formed. Either this could be an undirected k-nearest neighbor graph or there could
be a parameter € that determines neighborhoods based on points that are within
a Euclidean distance of e. Weights are assigned to the edges as indicated below,
a Laplacian matrix is computed, and a certain quadratic function is based on the
Laplacian minimized through the solution of a generalized eigenvalue problem. The
top d-eigenvectors constitute a representation of the data.

Hessian LLE (also called Hessian eigenmaps) [20] and “local tangent space align-
ment” (LTSA) [66] attempt to improve on LLE by also taking into consideration
the curvature of the higher dimensional manifold while preserving the local pairwise
distances.

The alignment of local coordinate mappings also underlies some other methods
such as “local linear coordinates” [46] and “manifold charting” [7].

Methods which map higher dimensional data points to lower dimensional con-
structs (principal sets) more general than manifolds are described in [44] and studied
more formally in [25]. Another line of research starts with principal curves/surfaces
[26] and topology preserving networks [36]. Manifolds of probability distributions
and connections to the work of Amari [I] have been studied in the work of Newton
[42]. Uniform rectifiability offers an alternative to reach as a way of distinguishing
complicated sets from simple ones (see [17]).

Some of the algorithms are known to perform correctly under the hypothesis
that data lie on a manifold of a specific kind. In Isomap and LLE, the manifold has
to be an isometric embedding of a convex subset of Euclidean space. In the case of
[4[10], the manifold is a simplicial complex and witness complex, respectively. In
the limit as the number of data points tends to infinity, when the data approximate
a manifold, then one can recover the geometry of this manifold by computing an
approximation of the Laplace-Beltrami operator. Laplacian eigenmaps and diffu-
sion maps rest on this idea. LTSA works for parameterized manifolds and detailed
error analysis is available for it.

3. SAMPLE COMPLEXITY OF MANIFOLD FITTING

In this section, we show that if we randomly sample sufficiently many points as
in the above mentioned algorithm and then find the least squares fit manifold to
these data, we obtain an almost optimal manifold.
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Definition 5 (sample complexity). Given error parameters €,0, a space Y, and a
set of functions (henceforth function class) F of functions f : Y — R, we define
the sample complezity s = s(e, 6, F) to be the least number such that the following is
true. There exists a function A :Y?® — F such that, for any probability distribution
P supported on'Y , if (x1,...,xs) € Y* is a sequence of i.i.d. draws from P, then
fout = A((z1,...,xs)) satisfies

P Ex—ﬂ’faut(:p) < (;Q;Em_rpf(l‘)) +el >1-09.

We state below, a sample complexity bound when the mean-squared error is
minimized over G(d, V, 7). Thus the function class F consists of functions fa(z) :=
d(z, M)? indexed by M. The manifold that minimizes the empirical risk will be
denoted My (X)), erm standing for empirical risk minimization. This manifold is
a function of X = (x1,...,2), asequence of i.i.d. points from P. The minimization
involved is of a quantity £L(M,Px). The theorem as stated is true only if s, the
number of data points, is greater than or equal to sg(e,d). This theorem says
that instead of optimizing L£(M,P) over manifolds M, if s is sufficiently large,
we might as well optimize £(M, Px) over manifolds M, where Px is the empirical
measure equally distributed over the data set x1,...,xs. The constant C' > 1 in the
definition of Ug(1/€) depends on the volume of a ball in d dimensional Euclidean
space. The constant C’ > 1 in sg (e, d) is a universal constant.

Theorem 1. Forr >0, let
cVv cVv
Ug(l)r)= —+ ———.
g(1/7) 7d * (17)d/2

Let s (w (log4 (M)) n élog%) .

€ €

Let s > sg(e,0) and X = (x1,...,25) be a sequence of i.i.d. points from P and
Px be the uniform probability measure over X. Let Mep(X) denote a manifold
in G(d,V,T) that approximately minimizes the quantity

L(M,Px) = s’lid(:pi,/\/l)z

i=1
in the sense that

LMerm(X),Px) = | inf LM, Px) < 5

Then,

P |L(Merm(X), P) — inf LM,P)<e|l >1-4.
MeG(d,V,r)
3.1. Sketch of the proof of Theorem [Il The first step involves obtaining new
dimension independent bounds for the sample complexity of k-means, or in other
words the problem of fitting k& points to a probability distribution supported on
the unit ball in a Hilbert space. This is essentially done in Lemma Recall
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that given a data set {x1,...,zs}, k-means is the problem of producing k-centers
c={ci,...,c} with the property that for any other set of k centers ¢’,
: 2 : 2
erngl}cld(mi,cj) < . Ijngl}cld(a:,,c'j) .
i<s i<s

(For the best previously known bound of O (l:—;) for the sample complexity of
k-means in a ball in a Hilbert space, see [38].)

The second step involves upper bounding (see Lemmal7]), the sample complexity
of fitting the best manifold in G(d,V, ) to a probability distribution supported on
the unit ball, by the sample complexity of fitting Ug(1/¢) points in a least squares
sense to the same probability distribution. This argument involves approximat-
ing manifolds in G(d,V,7) to within € using point sets with respect to Hausdorff
distance. This is done in Claim [ and Corollary

4. PROOF oF THEOREM [I]

Let M € G(d,V, 7). For x € M denote the orthogonal projection from H to
the affine subspace Tan(z, M) by II,. We will need the following claim to prove
Theorem [I1

Claim 1. Suppose that M € G(d,V,T). Let
U= {ylly - May| < 7/C} N {y|z — ILoy| < 7/C},

for a sufficiently large controlled constant C. There exists a CY' function F,
from 1, (U) to T (I1,(0)) such that

{y+Fou(y)|y e,(U)} = MNU
and further such that the Lipschitz constant of the gradient of F 1 is bounded above
by &
The above claim is proved in the Appendix.

4.1. A bound on the size of an e-net.

Definition 6. Let (X,d) be a metric space, and r > 0. We say that Y is an r-net
of X if Y C X and for every x € X, there is a point y € Y such that d(x,y) < r.

Corollary 2. Let
Ug:RT =R
be given by
Ug(1/r) = CV (id 4 #) .
7d = (7r)d/2
Let M € G(d,V,T) and M be equipped with the metric dyy of the Hilbert space H.

Then, for any r > 0, there is a \/Tr-net of M consisting of no more than Ug(1/r)
points.

Proof. 1t suffices to prove that for any r < 7, there is an r-net of M consisting
of no more than C'V (%d + T%), since if r > 7, a 7-net is also an r-net. Suppose
Y = {y1,92,...} is constructed by the following greedy procedure. Let y; € M

be chosen arbitrarily. Suppose y1, ..., yr have been chosen. If the set of all y such
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L(M,P)

Soiy d(@i, M)?

S

M

FIGURE 2. A uniform bound (over G) on the difference between
the empirical and true loss.

that min;<;<x |y — y;| > r is non-empty, let yx4; be an arbitrary member of this
set. Else declare the construction of Y to be complete.

We see that Y is an r-net of M. Second, we see that the distance between any
two distinct points y;,y; € Y is greater than or equal to r. Therefore the two balls
M N By(y;,7/2) and M N By(y;,7/2) do not intersect.

By Claim [1I and the fact that the reach of M is greater than or equal to 7, it
follows that for each y € Y, there are controlled constants 0 < ¢ < 1/2 and 0 < ¢
such that for any r € (0,7], the volume of M N By(y,cr) is greater than c'r?.
See footnotel[] (In invoking Claim [Il the Lipschitz property of the gradient is not
needed.)

Since the volume of

{z e M|d(2,Y) <r/2}

is less than or equal to V, the cardinality of Y is less than or equal to % for all
r € (0,7]. The corollary follows. O

4.2. Tools from empirical processes. In this subsection, unless otherwise stated,
data (z1,...,zs) will be a sequence of i.i.d. draws from a probability measure P
(or u) supported on the unit ball By of a Hilbert space H. In order to prove a
uniform bound of the form

Zf:1 F(z;)

S - E'pF(I)

(2) P [sup
FeF

<e] >1-9,

it suffices to bound a measure of the complexity of F known as the fat shattering
dimension of the function class F. The metric entropy (defined below) of F can
be bounded using the fat shattering dimension, leading to a uniform bound of the
form of ([2)), see Figure

Definition 7 (metric entropy). Given a metric space (Y,p), we call Z C'Y an
n-net of Y if for every y € Y, there is a z € Z such that p(y,z) < 7. Let P be
a measure supported on a metric space X, and F a class of functions from X to
R. Let N(n,F,L2(P)) denote the minimum number of elements that an n-net of
F could have, with respect to the metric imposed by the Hilbert space Lo(P). Here,

IThis is because the area of a surface is no less than the area of a projection of it onto a
subspace.
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the distance between f1 : X = R and fo: X — R is

11 = folleap) = \//(fl(x) — fa(x))?dP.

We call In N(n, F, L2(P)) the metric entropy of F at scale n with respect to Lo(P).

Definition 8 (fat shattering dimension). Let F be a set of real valued functions.
We say that a set of points x1,. .., xy is y-shattered by F if there is a vector of real

numbers t = (t1,...,t;) such that for all binary vectors b = (by,...,by), there is a
function fy+ satisfying,

N >ti4y, ifb,=1;
3) T R B A

For each v > 0, the fat shattering dimension fat. (F) of the set F is defined to be
the size of the largest y-shattered set if this is finite; otherwise fat.(F) is declared
to be infinite.

The supremum taken over (ti,...,tx) of the number of binary vectors b, for
which there is a function foy € F which satisfies (Bl), is called the y-shatter co-
efficient of (x1,...,x). (Thus the y-shatter coefficient of a k-element set that is
~y-shattered is 2F.)

We will also need to use the notion of VC dimension and some of its properties.
These appear below.

Definition 9. Let A be a collection of measurable subsets of R™. For x1,...,xy €
R™, let the number of different sets in {{x1,...,z} N H;H € A} be denoted the
shatter coefficient Na(z1,...,2xx) of (x1,...,xk). The VC dimension VCy of A is
the largest integer k such that there exist x1,...,x) such that Ny(xq,...,xx) = 2k,

The following result concerning the VC dimension of half-spaces is well known
(Corollary 13.1 [18]).

Lemma 3. Let A be the class of half-spaces in R9. Then VCy = g+ 1.

We state the Sauer-Shelah lemma below.
Lemma 4 (Theorem 13.2 [I8]). Let A be a collection of measurable subsets of RY.
For any x1,...,xp € RI, Np(z1,...,z) < ZY:C(;A (’:) (Note that (’:) =01ii>k.)

For VCOx > 2, 0G0 (F) < kYO,

The lemma below follows from existing results from the theory of empirical
processes in a straightforward manner, but does not seem to have appeared in
print before. We have provided a proof in the Appendix.

Lemma 5. Let o be a probability measure supported on X and F be a class of

functions f : X — R. Let x1,...,xs be independent random variables drawn from
w and ps be the uniform measure on x := {x1,...,xs}. If

c > ?

5> — (/ \/fatw(]-')ch) +1logl/d |,

€ Cce
then

P [sup [y, f(w:) — Euf| > | <.

fer
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Rz,
Rz
Random 1' ==r-
== 2
map R i
Rz,
Rzx3

FiGUurE 3. Random projections are likely to preserve linear separations.

A key component in the proof of the uniform bound in Theorem [ is an upper
bound on the fat shattering dimension of functions given by the maximum of a
set of minima of collections of linear functions on a ball in H. We will use the
Johnson-Lindenstrauss lemma [29] in its proof.

Let J be a finite dimensional vector space of dimension greater than or equal to
g. In what follows, by “uniformly random ¢ dimensional subspace in J,” we mean a
random variable taking values in the set of g dimensional subspaces of J, possessing
the property that its distribution is invariant under the action of the orthogonal
group acting on J.

Johnson-Lindenstrauss lemma: Let yi,...,y7 be points in the unit ball in R™ for
some finite m. Let R be an orthogonal projection (see Figure B]) onto a random g

lo

dimensional subspace (where g = C v%é for some v > 0, and an absolute constant

C > 1). Then,

<%> (Ryi, Ry;) — (vi, y;)

P sup
ij€{l,....0}

¥ 1
> 2] < 0%
Lemma 6. Let pu be a probability distribution supported on By = {x € H : |z|| <
1}. Let x1,...,2zs be independent random variables drawn from p and ps be the
uniform measure on x 1= {x1,...,xs}. Let Fi ¢ be the set of all functions f from
H to R, such that for some k€ vectors viy,...,0k € By,
f(z) = maxmin(v;; - ).
J i

Then,

(1) fat,(Fre) < %log2 %

(2) If s > & (ktIn*(kt/€®) + In1/5), then Plsupser, , B, f(z:) —Euf| > € <

J.

The proof of this lemma has been shifted to the Appendix.

In order to prove Theorem [ we relate the empirical squared loss
s713°7  d(z;, M)? and the expected squared loss over a class of manifolds whose
covering numbers at a scale ¢ have a specified upper bound. Let U : Rt — ZT
be a real-valued function. Let G be any family of subsets of the unit ball By, in a
Hilbert space # such that for all > 0 every element M € G can be covered using
U(L) open Euclidean balls.

Licensed to Mass Inst of Tech. Prepared on Wed Mar 22 10:17:40 EDT 2017 for download from IP 18.9.61.112.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



TESTING THE MANIFOLD HYPOTHESIS 999

A priori it is unclear if

5 o d(ay 2

(4) sup 2z A, M)® Epd(z, M)?
MeG §

is a random variable, since the supremum of a set of random variables is not always
a random variable (although if the set is countable, this is true). Let dpays represent
the Hausdorff distance. For each n > 1, G,, is a countable set of finite subsets of H,
such that for each M € G, there exists M’ € G,, such that dpaus(M, M’) < 1/n,
and for each M’ € G,,, there is an M” € G such that dpaus(M”, M’) < 1/n. For
each n, such a G, exists because H is separable. Now () is equal to
ZS d(xu Mn)z

i=1

— Epd(z, M,)?

lim sup
O MreG,

)

S

and for each n, the supremum in the limits is over a countable set; thus, for a
fixed n, the quantity in the limits is a random variable. Since the pointwise limit
of a sequence of measurable functions (random variables) is a measurable function
(random variable), this proves that

Z?:l d(l’z, M)2
S

sup — Epd(z, M)?

MeG

is a random variable.

Lemma 7. Let € and § be error parameters. Let Ug : RY — R be a function
taking values in the positive reals. Suppose every M € G(d,V,T) can be covered by

the union of some Ug(%) open Fuclidean balls of radius ‘/1—?, for every r > 0. If

20 (S5 (o () )

then
s d(xy 2
P sup Lia d@ M)” Epd(z, M)?| < €| >1-4.
MeG(d,V,T) s
Proof. Given a collection ¢ := {c1, ..., ¢} of points in H, let
(5) fe(x) :=min |z — ¢;|*.

cj€Ec
Let Fj. denote the set of all such functions for
C = {cl,...,ck} g BH;

By, being the unit ball in the Hilbert space.

Consider M € G := G(d,V,7). Let c(M,e) = {é1,...,¢;} be a set of k :=
Ug(1/¢) points in M, such that M is contained in the union of Euclidean balls of
radius /7¢/16 centered at these points. Suppose z € By. Since ¢(M,e) C M,
we have d(z, M) < d(x,c(M,¢)). To obtain a bound in the reverse direction, let
y € M be a point such that |z —y| = d(x, M), and let z € ¢(M, ¢€) be a point such
that |y — z| < \/T€/16. Let 2z’ be the point on Tan(y, M) that is closest to z. By
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the reach condition, and Proposition [I]

|z —2| = d(z Tan(y, M))
o ly==P
- 2T
€
< —.
- 512
Therefore,
2y—z,x—y) = 2y—2'+72 —zx—vy)
= 20z —z,2 —y)
< 2z =2l -yl

€
128°
In the last line above, we use the fact that both x and M > y belong to the unit

ball and hence |z — y| < 2.
Thus

d(z,c(M,e))?

IN

Since 7 < 1, this shows that
€

d(z, M)? < d(z,c(M,e))* < d(z, M) + o

Note that
d(.l?, C(M7 6))2 = fC(M,e) (J?)
Therefore,
s ) 2
(6) P {sup 2z Al M7 Epd(z, M)?| < 6:|
MEeG §
fe€F} & 3

Inequality (@) reduces the problem of deriving uniform bounds over a space of
manifolds to a problem of deriving uniform bounds for k-means.
Let

P:x e 273(x,1)

map a point x € H to one in H & R, which we equip with the natural Hilbert space
structure. For each 1, let

2
- _ (&
(7) C;i =2 1/2(—ci7 —” 2” ).

The factor of 21/2 (which could have been replaced by a slightly larger constant)
is present because we want ¢; to belong to the unit ball. Then,

fe(z) = |2* + 4min((®(2), &), . . ., (D(x), E)).
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TESTING THE MANIFOLD HYPOTHESIS 1001

Let Fg be the set of functions that map # to R having the form 4 min®_, ®(x)-¢
where ¢; is given by () and

CZ{Cl,...,Ck}gBH.

The metric entropy of the function class obtained by translating F¢ by adding
|z|? to every function in it is the same as the metric entropy of F3. However, this
translated function class has the unit ball of a separable Hilbert space as its domain
as well.

Therefore the integral of the square root of the metric entropy of functions of
the form (@) in Fj can be bounded above, and by Lemma[6] if

k A 1 1
> — — — —
sC(62 <10g (€>)+€210g6),

> i d(zi, M)?

S

then

P {sup — Epd(z, M)?

Meg

< e] >1-46. O
Proof of Theorem [Il This follows immediately from Corollary 2land Lemmall [

5. FITTING k AFFINE SUBSPACES OF DIMENSION d

A natural generalization of k-means was proposed in [6] wherein one fits k d-
dimensional planes to data in a manner that minimizes the average squared distance
of a data point to the nearest d dimensional plane. For more recent results on this
kind of model, with the average pth powers rather than squares, see [34]. We can
view k-means as a zero dimensional special case of k-planes.

In this section, we derive an upper bound for the generalization error of fitting
k-planes. Unlike the earlier bounds for fitting manifolds, the bounds here are linear
in the dimension d rather than exponential in it. The dependence on k is linear up
to logarithmic factors, as before. In the section, we assume for notation convenience
that the dimension m of the Hilbert space is finite, though the results can be proved
for any separable Hilbert space.

Let P be a probability distribution supported on B := {z € R™| ||z|| < 1}. Let
H := Hj, 4 be the set whose elements are unions of not more than k affine subspaces
of dimension < d, each of which intersects B. Let F} 4 be the set of all loss functions
F(z) = d(z, H)? for some H € H (where d(z, S) := infyes ||z — y|).

We wish to obtain a probabilistic upper bound on

S F(x
(8) sup M —EpF(z)],
FeFi,qa §

where {z;}5 is the train set and Ep F'(x) is the expected value of F' with respect to
P. Due to issues of measurability, (§) need not be a random variable for arbitrary
F. However, in our situation, this is the case because F is a family of bounded
piecewise quadratic functions, continuously parameterized by Hy 4, which has a
countable dense subset, for example, the subset of elements specified using rational
data. We obtain a bound that is independent of m, the ambient dimension. We
will need the following form of Hoeffding’s inequality.
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Lemma 8 (Hoeffding’s inequality). Let X1,..., X be i.i.d. copies of the random
variable X whose range is [0,1]. Then,

) P l % (Zx) _E[X]

Lemma 9. Let x1,...,x, be i.i.d. samples from P, a distribution supported on the
ball of radius 1 in R™. If

dk . 4 (dk d 1
> ik - il -
s_C’(ezlog(€>+€210g6>,

<e] >1-—4.

< e] > 1 — 2exp(—2s€?).

then P | sup M —EpF(x)

FeFi.a

Proof. Any F' € Fj, 4 can be expressed as F(z) = minj<;<g d(:zc,Hi)2 where each
H; is an affine subspace of dimension less than or equal to d that intersects the unit
ball. In turn, min;<;<x d(z, H;)? can be expressed as

min (||q; — el = (z— )T Al Ai(a — ci)) :

1<i<k

where A; is defined by the condition that for any vector z, (z — (4;2))" and A;z
are the components of z parallel and perpendicular to H;, and ¢; is the point on
H; that is the nearest to the origin (it could have been any point on H;). Thus

F(x) := min (||a:|\2 — 2z + [|ei))? — 2t AT A 4+ 26T AT A — cIAIAici) .

Now, define vector valued maps ® and ¥ whose respective domains are the space
of d dimensional affine subspaces and H, respectively,

1
BH:) = (m

U(z) = (%) (1,22, 21),

where AIAZ- and zz! are interpreted as rows of m? real entries.
Thus,

) (lleall?, 47 4;, 248 Aie; = 200)1)

and

min (22 - 2¢fa + Jlei]|2 — o A Ajz + 2] Al Az — e Al Ay
is equal to
lz||? + \/3(d + 5) min ®(H;) - U(z).
We see that since ||z|| < 1, || T(x)|] < 1. The Frobenius norm ||A;LAi||2 is equal to
Tr(AiA;fAiA;r), which is the rank of A; since A; is a projection. Therefore,
(d+5)|@(H)I < llesll* + AT AN + 1120 = Al A)el?,

which is less than or equal to d + 5.
Uniform bounds for classes of functions of the form min; ®(H;)- ¥(x) follow from
Lemma[6 We infer from Lemma [f] and the Hoeffding’s inequality that if

ko o,k 1. 1
S>C<€—210g <Z)+6—210g5),
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then P | sup iz Pl EpF(x) > 1 — 4. The last statement

FeFi.a s
can be rephrased as follows. If

dk .~ 4 (dk d 1
s>C(6—21og <?>+€—210g5>,

< /3(d+5)e

then P | sup M—EPF@C) <el >1-0. O
FEFy,a
6. DIMENSION REDUCTION
Suppose that X = {z1,...,25} is a set of i.i.d. random points drawn from P, a

probability measure supported on the unit ball By, of a separable Hilbert space H.
Let Mgy (X) denote a manifold in G(d, V, 7) that (approximately) minimizes

Z d(:vi, M)2
i=1

over all M € G(d,V,7) and denote by Px the probability distribution on X that
assigns a probability of 1/s to each point. More precisely, we know from Theorem [I]
that there is some function sg(e, d) of €,0,d, V', and 7 such that if

s> sg(e,9),
then
(10) P | L(Merm(X), Px) = inf LM, P) <e| >1-0.

Lemma 10. Suppose € < c¢r. Let W denote an arbitrary 2sg(e,d) dimensional
linear subspace of H containing X. Then

(11) inf LM, Px)<Ce+ inf L(M,Px).
G(d,V,r(1—c))oMCW MeG(d,V,T)

Proof. Let M3 € G := G(d,V,7) achieve

(12) L(M3,Px) < /&[ngfg L(M,Px) +e.

Let N, denote a set of no more than s (e, ) points contained in Moy that is an
e-net of Ms. Thus for every x € My, there is y € N, such that | — y| < e. Let O
denote a unitary transformation from H to H that fixes each point in X and maps
every point in N, to some point in W. Let IIy denote the map from H to W that
maps z to the point in W nearest to x. Let M3 := OMs. Since O is an isometry
that fixes X,

(13) L(M3,Px) = LMz, Px) < /\i/lncfgﬁ(./\/l, Px) + e
Since Px is supported on the unit ball and the Hausdorff distance between Iy Mg
and M3 is at most ¢,

LTy M3, Px) — LM3,Px)| < Epupy|d(z, TwMs)? — d(z, M3)?|
< Epupyd|d(z, My Ms) — d(ﬂ%M?))’
de.

By Lemma [[T] we see that Il M3 belongs to G(d, V,7(1 — ¢)), thus proving the
lemma. ]

IN
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1004 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

By Lemmal[IQ it suffices to find a manifold G(d, V,7) 3 My, (X) € V such that

L(Meypm(X),Px) < Ce + inf L(M, Px).
VoMeG(d,V,T)

Lemma 11. Let M € G(d,V,7), and let Il be a map that projects H orthogonally
onto a subspace containing the linear span of a cet-net S of M. Then, the image
of M, is a d dimensional submanifold of H and

(M) € G(d, V,7(1 — CVe)).

Proof. The volume of II(M) is no more than the volume of M because II is a
contraction. Since M is contained in the unit ball, II(M) is contained in the unit
ball.

Claim 2. For any z,y € M,
[z —y)| = (1 - CVe)lz —yl.
Proof. First suppose that |z — y| < /er. Choose & € S that satisfies
|z — x| < Crer.

Let 2 := g + (—2ver, By linearity and Proposition [T

ly—z|
(14) d(z, Tan(x,M)) = d(y,Tan(z, M)) (y\/_&—ﬂ)
[z —y? [ Ver
" < S5
(16) < %.

Therefore, there is a point § € Tan(x, M) such that
g (HM) ‘ < Cyer.
ly — |

By Claim [ there is a point 3 € M such that

g — 9| < Cser.
Let § € S satisfy

|g — 9| < cer.
Then,

‘g— (5:+ (y—w)ﬁT) ’ < Cyer,
ly — |
i.e.,
‘ (y—z) W=D e
er ly—a

Consequently,

(17) ’<g_j>‘—1§(]4\/€.
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TESTING THE MANIFOLD HYPOTHESIS 1005

We now have
w9 CGyma e )= G vma) e (O - ma)
ly — x| Ver ly — |y — =] ly—z["\ Ver |y -zl

y—v (y-2 _ y-—=

: -+ (= (7 -5=a)

" e \Ver Ty=a]

(20) >1-Cy/e

Since & and g belong to the range of II, it follows from (I7) and 20) that

(z —y)| > (1 - CVe)|z —yl.
Next, suppose that |z — y| > v/er. Choose 7,4 € S such that |z — Z| + |y — 7| <

2cet. Then,
r—y T—7 T—Yy T—Y O
<|x— iy >_< ' lE - >+('x_y' )
yl" [z — gl [z =yl & -9l
T—y . .
(@ —z) - (T—y
(e --9)
Z 1- C\/Ea
and the claim follows since Z and y belong to the range of II. ]
By Claim [2, we see that
(21) Vo € M, Tan®(z, M) Nker(Il) = {0}.

Moreover, by Claim [2 we see that if z,y € M and II(z) is close to II(y) then x is
close to y. Therefore, to examine all II(z) in a neighborhood of II(y), it is enough to
examine all z in a neighborhood of y. So by Definition Bl it follows that II(M) is a
submanifold of H. Finally, in view of Claim 2] and the fact that IT is a contraction,
we see that

. [T(x) — TI(y)[?
(22) reach(IM)) =" S0 S 4{TT(x), Tan(i1(y), TOM)))
|z —y|?
(23) 2 (L=CVe) s 540z, Tan(y, M)
(24) = (1-Cy/e)reach(M),
and the lemma follows. O

7. OVERVIEW OF THE ALGORITHM FOR TESTING THE MANIFOLD HYPOTHESIS

Given a set X := {1,...,25} of points in R", we give an overview of the
algorithm that finds a nearly optimal interpolating manifold.

Definition 10. Let M € G(d,V, 1) be called an e-optimal interpolant if
25 d(zi, M)? < se + inf d(z;, M')?,
(25) Z (i, M)? < se M,eg(gl{lwm); (s, M)

where C is some constant depending only on d.
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1006 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

FIGURE 4. A disc bundle Drer® g prorm,

Given d, 7,V e, and §, our goal is to output an implicit representation of a
manifold M and an estimated error € > 0 such that

(1) With probability greater than 1 — §, M is an e-optimal interpolant, and

(2)
s€ < Z d(x,./\/l)2 <s (% +E).

zeX

Thus, we are required to perform an optimization over the set of manifolds
G =G(d,,V). This set G can be viewed as a metric space (G, dpays) by defining the
distance between two manifolds M, M’ in G to be the Hausdorff distance between
M and M’. Our strategy for producing an approximately optimal manifold will be
to execute the following steps. First identify a O(7)-net Sg of (G, dyaus). Next, for
each M’ € Sg, construct a disc bundle D’ that approximates its normal bundle.
The fiber of D’ at a point z € M’ is a n — d dimensional disc of radius O(7) that is
roughly orthogonal to Tan(z, M’) (this is formalized in Definitions [1] and [2], see
Figure [)). Suppose that M is a manifold in G such that

(26) dhaus(M; M/) < O(T)

As a consequence of (26) and the lower bounds on the reaches of M and M’ it
follows (as will be shown in Lemma [I7]) that M must be the graph of a section of
D’. In other words, M intersects each fiber of D’ in a unique point. We use convex
optimization to find good local sections, and patch them up to find a good global
section. Thus, our algorithm involves two main phases:

(1) Construct a set D™ of disc bundles over manifolds in G(d, C'V, 7/C) which
is rich enough that every e-optimal interpolant is a section of some member
of fljnorm.

(2) Given D™ ¢ D™ use convex optimization to find a minimal é such
that D™™ has a section (i.e., a small transverse perturbation of the base
manifold of D™™) which is a é-optimal interpolant. This is achieved by
finding the right manifold in the vicinity of the base manifold of D®*™ by
finding good local sections (using results from [23124]) and then patching
these up using a gentle partition of unity supported on the base manifold
Of Dnorm.
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TESTING THE MANIFOLD HYPOTHESIS 1007

8. DISC BUNDLES

The following definition specifies the kind of bundles we will be interested in.
The constants have been named so as to be consistent with their appearance in
[@) and Observation Bl Recall the parameter r from Definition

Definition 11. Let D be an open subset of R™ and M be a submanifold of D
that belongs to G(d,T,V) for some choice of parameters d,7,V. Let ™ be a C*
map ©: D — M such that for any z € M, n(z) = z and 7w~ '(z) is isometric to
a Fuclidean disc of dimension n — d, of some radius independent of z. We then
say D % M is a disc bundle. When M is clear from context, we will simply
refer to the bundle as D. We refer to D, := ©~1(z) as the fiber of D at z. We
call s : M — D a section of D if for any z € M, s(z) € D, and for some
7,V >0, s(M) € G(d,#,V). Let U be an open subset of M. We call a given
C?-map Sioc : U — D a local section of D if for any z € U, s(z) € D, and
{(2, 810c(2))|2 € U} can locally be expressed as the graph of a C*-function.

Definition 12. For reals 7, V> 0, let D(d, 7, V) denote the set of all disc bundles
D™ s M with the following properties:

(1) D™™ is a disc bundle over the manifold M € G(d, 7, V).

(2) Let zg € M. For zp € M, let D™ := w~1(z) denote the fiber over z,
and 11, denote the projection of R™ onto the affine span of D72™. Without
loss of generality assume after rotation (if necessary) that Tan(zg, M) =
RY&{0} and Nor,, m = {0} @&R"4. Then, D™™N B(z0,¢117) is a bundle
over a graph {(z,¥(z))}:eq., where the domain ., is an open subset of
Tan(zo, M).

(3) Any z € By(20,¢117) may be expressed uniquely in the form (x,¥(x)) + v
with © € By(zo,C107),v € (g w(a))Bn-dl(z, 6120’2). Moreover, x and v here
are C*=2-smooth functions of z € B, (x,¢117), with derivatives up to order
k — 2 bounded by C in absolute value.

(4) Let v € By(zo,¢107), and let v € i, g R™. Then, we can express v in
the form

(27) v =y u@)v?,
where v#* € {0} @ R"~¢ and [v¥| < 2|v].

Definition 13. For any D™™ — My, € D(d, 7, f/), and a € (0,1), let aD(d, 7, V)
denote a bundle over Mygse, whose every fiber is a scaling by o of the corresponding
fiber of D™,

9. A KEY RESULT

Given a function with prescribed smoothness, the following key result allows us
to construct a bundle satisfying certain conditions, as well as assert that the base
manifold has controlled reach. We decompose R™ as R¢ @ R"~?¢. The theorem
roughly says that given a sufficiently smooth function F with bounded derivatives
that resembles the squared distance to the intersection of the ball with a d dimen-
sional subspace, we can construct from it a map ¥ that maps a neighborhood of the
origin in R? to a neighborhood of the origin in R"~%, whose graph is the intersec-
tion of a smooth manifold M with a neighborhood of the origin in R™. Further one
can also construct a disc bundle over the manifold M using the large eigenspace of
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1008  CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN
the Hessian of the function F. When we write (z,y) € R", we mean € R¢ and
y € R"~4. We will need Taylor’s theorem (see [39]), which we state below.

Theorem 12 (Taylor’s theorem). Let 2 be open in R™, and f € C¥(Q). Then, if
x,y € Q and the closed line segment [x,y| joining x to y is also contained in 2, we

have
fay= Y Py 3 DT e

o] <k—1 ’ || =k

where ¢ is a point of [z, y].
Theorem 13. Let the following conditions hold:
(1) Suppose F : B, (0,1) = R is Ck-smooth.
(2)
(28) 97, F(z,y) < Co
for (z,y) € B,(0,1) and |a| < k.
(3) Forz € RY, y e R4 and (x,y) € B,(0,1), suppose also that
(29) arllyl? + ] < [Flz,y) + p%] < Cullyl* + 97,
where
(30) 0<p<e,
where ¢ is a small enough constant determined by Cy, c1,C1, k,n.

Then there exist constants ca, . ..,c7 and C determined by Cy, c1,C1, k,n, such that
the following hold:

(1) For z € B,(0,c2), let N(z) be the subspace of R™ spanned by the eigenvec-
tors of the Hessian 0?F(z) corresponding to the (n—d) largest eigenvalues.
Let I (z) : R™ — N(z) be the orthogonal projection from R™ onto N(z).
Then |0°Iy;(2)] < C for z € B,(0,c2),|a| < k—2. Thus, N(z) depends
CF=2_smoothly on z.

(2) There is a map

(31) v Bd(O, 64) — Bn,d(O,CS),
with the following properties:
(32) [T(0)] < Cp; |07 ¥| < C°

on By(0,cq), for 1 < |a| < k—2. The set of all z = (z,y) € Bg(0,cq) x
B,—4(0,¢3), such that

{210}, (2)0F (2) = 0} =: {(x, \I/(:c))|x € Bq(0,cq)}
is a Ck=2-smooth graph.

Proof. We first study the gradient and Hessian of F'. Taking (z,y) = (0,0) in 23)),
we see that

(33) c1p® < F(0,0) + p* < Cyp%

A standard lemma in analysis asserts that non-negative F' satisfying (28]) must
also satisfy

|0F (2)| < C (F(2))* .
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TESTING THE MANIFOLD HYPOTHESIS 1009

In particular, applying this result to the function F 4 p?, we find that
(34) |0F(0,0)| < Cp.

Next, we apply Taylor’s theorem: For (|z|2 + |y|2)2 < p3, for z = (21,...,2n) =
(x,y), estimates (28) and (B3] and Taylor’s theorem yield

‘ny—&—F —x, =y Z OOzzz]’<Cp

1,7=1
Hence, ([29) implies that

cly> — cp* < Z 04 F(0,0)z2; < C(lyl* + p?).
3,7=1
Therefore,

clyl? — Cp*3)2)? < Z F(0,0)zz; <C (|y|2 + p?3)2)? )
4,j=1

for |z| = p*/3, and hence for all z € R". Thus, the Hessian matrix (Q-ZjF(O)) satisfies

—Cp*BI] 0 2 +Cp?*BI | 0
(35) ( 0 ) = (05F(0,0)) = 0 o1 )

That is, the matrices
((ij(O, 0) — {—sz/?’&ij + C(Sijli’j>d])
and
(C {p2/36ij + 5ij1i,j>d} — 6i2jF(07 0))
are positive definite, real, and symmetric. If (A;;) is positive definite, real, and
symmetric, then
2
|[Aij|” < Aidy;

for ¢ #£ j, since the two-by-two submatrix

< Ay Ayj )
Aji Ay,

must also be positive definite and thus has a positive determinant. It follows from

B8) that

|02F(0,0)| < Cp*/3,

if i <d, and

|07, 0)|<c
for any j. Therefore, ifi <dandj > d then

9% F(0,0 F(0,0) + Cp?/3| - |02, F(0,0) — ¢| < Cp*/>.
ij

Thus,
(36) 0,F(0,0)] < Cp'/*

ifl1<i<dand d+1 < j <n. Without loss of generality, we can rotate the last
n — d coordinate axes in R™, so that the matrix

(O5F0,0), 5 gin,m
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1010 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

is diagonal, say,

Agg1 0
2 _ . . :
(aijF(O’0))i,j=d+1,4..,n - :
0 An
For an n x n matrix A = (a;;), let
[Alloo := sup  Jaij].
(i,4)€[n]x[n]
Then (B8 and [B6) show that
Odxd | Oax1 -+ Ogx1
O1xa | Aat1 -+ 0
(37) (aiZjF(()’O))i,j:l,.,.,n o : : - : < Cptl?
Oixg | 0 - Ay -
and
(38) c<A <C

foreach j=d+1,...,n.
For \; satisfying (B8), let ¢ be a sufficiently small controlled constant. Let €
be the set of all real symmetric n x n matrices A such that

Odxd | Oax1i -+ Ogx1
(30) A 01:><d >\d:+1 0 y

Oa| 0 /L
We can pick controlled constants so that (1), (38) and 28)), (30) imply that
(40) (O5F @),y €9

for |z| < €. Here 04x4, O1xq, and 0451 denote all-zero d x d,1 x d, and d x 1
matrices, respectively.

Definition 14. If A € Q, let T1;;(A) : R™ — R™ be the orthogonal projection from
R™ to the span of the eigenspaces of A that correspond to eigenvalues in [C, C3),
and let I1;, : R™ — R™ be the orthogonal projection from R™ onto the span of the
eigenspaces of A that correspond to eigenvalues in [—¢y,¢1].

Then, A — IIp;(A) and A — II;,(A) are smooth maps from the compact set
into the space of all real symmetric n x n matrices. For a matrix A, let |A| denote
its spectral norm, i.e.,

4] == sup [ Aul.
flull=1
Then, in particular,
(41) |Tpi (A) = T (A")| + [Tp(A) — T (A")| < C]A = A'|
for A, A’ € Q, and
(42) 0G0 (A)| + 9510, (A)| < ©
for A€ Q,|a| <Ek. Let
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TESTING THE MANIFOLD HYPOTHESIS 1011

and
(44) I, (2) = Iy, (°F(2)),

for z < ¢4, which make sense, thanks to the comment following ([BY). Also, we
define projections II; : R™ — R™ and II,,_4 : R™ — R"™ by setting

(45) Iy:(21,.-.y20) = (21,..+,24,0,...,0)
and

(46) Mg (2155 2n) = (0,...,0, Zds1, - -+ 5 2n)-
From ([B7) and [#I) we see that

(47) |111,i(0) — IL,,_q| < Cp'/3.

Also, (28) and [@2)) together give

(48) 021144(2)| < €

for |z| < @4, o] < k — 2. From {T), [ 8]), and [B0), we have
(49) Thi(2) = T—a| < Cp'/?

for |z| < p'/3. Note that II;;(2) is the orthogonal projection from R™ onto the
span of the eigenvectors of 9?F(z) with (n — d) highest eigenvalues; this holds for
|z| < €. Now set

(50) C(z) = 11,,_ g1, 0F (%)

for |z| < €4. Thus

(51) ¢(2) = (Ga41(2); - -, Cu(2)) € R"Y,

where

(52) = [Mui(2)];;0-, F(2)
=1

for i =d+1,...,n,|z| <. Here, [I};(2)];; is the ij entry of the matrix IIj;(z).
From ([8) and (28]) we see that

(53) 10%C(2)| < C

for |z| < @4, |a| < k —2. Also, since II,,_4 and II;;(z) are orthogonal projections
from R™ to subspaces of R", ([34) and (B0) yield

(54) IC(0)] < ep.
From (52), we have
acz "0 . 82F(2)
55 —[pi(2)] [T (2)]s
65 5,0 2; B2y hni( Ja +; nil)i g2 5,
for |z] < ¢ andi=d+1,...,n, £ =1,...,n. We take z = 0 in (E5). From (B4)

and (@8], we have
0
M ()| <
‘32’4[ hz(z)]u’ <C
and

0
5@l =co
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1012 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

for z = 0. Also, from (A7) and ([B1), we see that
|[hs(2))sg — i | < Cp3
forz=0,i=d+1,...,n,j=d+1,...,n;
|[[hs(2)]55] < Cp'/?
forz=0,i=d+1,...,nand j=1,...,d; and
’ 0’F
020z

forz=0,j=1,...,n,and  =d+1,...,n.

In view of the above remarks, (B3 shows that
| 9Gi
62(
for i, =d+1,...,n. Let By(0,7), B,_4(0,7), and B,(0,r) denote the open balls
about 0 with radius r in R?, R"~¢ and R", respectively. Thanks to @), %),

G3), B4), (BO), and the implicit function theorem (see Section 3 of [39]), there
exist controlled constants ¢g < ¢5 < %64 and a CF~2-map

(2) = 80| < Cp3

(56) (0) = Aedie| < Cp*/?

(57) U : By(0,¢) — Bp—a(0,¢5),
with the following properties:

(58) 0“v| < C

on B,(0,%), for |a] <k —2;

(59) [ (0)] < Cp.

Let z = (x,y) € Bq(0,¢) x By_4(0,¢5). Then

(60) ¢(z) = 0if and only ify = ¥(x).

According to (7)) and ([Eg]), the following holds for a small enough controlled con-
stant ¢7. Let z € B,,(0,¢7). Then II;;(z) and II,,_4115;(2) have the same null space.
Therefore by (G0), we have the following. Let z € B,,(0,¢7). Then ((z) = 0 if and
only if I1j,;(2)0F () = 0. Consequently, after replacing ¢; and ¢ in (57), (58), (59),
([60) by smaller controlled constants ¢ < g < %E% we obtain the following results:

(61) U : By(0,¢9) — B,—q(0,Cg)
is a C*~2-smooth map;
(62) |0 < C
on B4(0,¢) for |o] <k —2;
(63) [w(0)| < Cp.
Let
z = (x,y) € Bq(0,¢) x Bp_q4(0,Cs).
Then,
(64) I0;(2)0F(2) =0

if and only if y = ¥(x). Thus we have understood the set {II;(2)0F(z) = 0} in the
neighborhood of 0 in R™. Next, we study the bundle over {Il;(2)dF(z) = 0} whose
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TESTING THE MANIFOLD HYPOTHESIS 1013

fiber at z is the image of I1j;(2). For z € By(0,¢) and v = (0,...,0,v441,...,0p) €
{0} @ R" 4 we define

(65) E(z,v) = (x,Y(x)) + [l (z, ¥(x))]v € R".
From (@8) and (B8]), we have
(66) o2, Ba,v)| <

for x € B4(0,%9),v € B,—q(0,¢s), || < k—2. Here and below, we abuse nota-
tion by failing to distinguish between R? and R? @ {0} € R™. Let E(z,v) =
(E1(z,v),...,Ey(x,v)) € R". Fori=1,...,d, ([G3) gives

(67) Ei(z,v) =z + [y, U())]ijv;-

i=1
Fori=d+1,...,n, [G3) gives

(68) Ei(x,v) = Wi(z) + Y _ [z, ¥(x))]ijv;,
=1

where we write ¥(z) = (U4.1(z),..., ¥, (z)) € R"~% We study the first partials
of E;(x,v) at (z,v) = (0,0). From (f7), we find that

OF;
6$j
at (r,v) = (0,0), for 4,5 = 1,...,d. Also, ([G3)) shows that |(0,¥(0))| < ¢p; hence,
[#9) gives

(69) ((E,’U) = 6ij

(70) ‘th(ov \II(O)) - 1_Infd| S Cpl/?)a

forie {1,...,d} and j € {1,...,n}. Therefore, another application of (G7)) yields
OF;

() 128 a0 < €

forie[d,j€e{d+1,...,n}, and (z,v) = (0,0). Similarly, from (Z0) we obtain
|[[5s(0, %(0))]55 — 6i5| < Cp*/3
fori=d+1,...,nand j =d+1,...,n. Therefore, from (G8]), we have

OF;
(72) | 8Uj (z,v) — 5ij| < CP1/3
fori,j=d+1,...,n, (x,v) = (0,0). In view of (66), @), (1), [72), the Jacobian
matrix of the map (z1,...,%q4,v441,-..,0n) — E(z,v) at the origin is given by
Iq ‘ O(p'/?)
(73) ;

o) ‘ Lo+ O(p"/?)

where I and I,,_4 denote (respectively) the d x d and (n — d) x (n — d) identity
matrices, O(p'/3) denotes a matrix whose entries have absolute values at most
Cp'/3; and O(1) denotes a matrix whose entries have absolute values at most C.
A matrix of the form (73] is invertible, and its inverse matrix has the norm
at most C. (Here, we use [B0).) Note also that |E(0,0)] = |(0,¥(0))] < Chp.
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1014 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

Consequently, the inverse function theorem (see Section 3 of [39]) and (66) imply
the following.
There exist controlled constants ¢1¢ and ¢;; with the following properties:

(74) The map E(x,v)is one-to-one when restricted to By(0,¢19) X Bp—aq(0,¢10)-
(75) -
The image of E(x,v) : Bq(0,¢10) X Bn—_a(0, %) — R"contains a ball B, (0,¢11).

(76) In view of (74)), (78], the map
B~ Bo(0.211) = Ba(0,710) X Bu-a(0, 57
is well-defined.
(77) The derivatives of E~! of order < k — 2 have absolute value at most C.

Moreover, we may pick ¢1¢ in (7)) small enough that the following holds.
Observation 1.
(78) Let © € By(0,¢19), and let v € T, (z, U(x))R".

(79) Then, we can express v in the form v = y;(z, ¥ (z))v™
where v € {0} @ R™" % and [v¥| < 2|v].

Indeed, if 2 € By(0,¢10) for small enough ¢;¢, then by B0), [62), [G3), we have
|(z,¥(z))| < ¢ for small ¢; consequently, ([[9) follows from {T), @S). Thus (74),
@), @), ), and @) hold for suitable controlled constants ¢g,¢1;. From (73,
(@), ([9), we learn the following.

Observation 2. Let ,% € By(0,¢10), and let v,0 € By,_q(0, %610). Assume that
v € pi(z, ¥(2))R™ and © € Iy (2, ¥(T))R™. If (x,¥(x)) +v = (Z,¥(Z)) + 0, then
r =2 and v =".

Observation 3. Any z € B,(0,¢11) may be expressed uniquely in the form
(z,9(2)) + v with © € Bq(0,%10),v € Iy;(z, ¥(x))R™ N B, (0, %2). Moreover, x
and v here are C*~2-smooth functions of z € B,(0,¢1), with derivatives up to
order k — 2 bounded by C' in absolute value.

This concludes the proof of the lemma. O

10. CONSTRUCTING CYLINDER PACKETS

Let R and R™™ ¢, respectively, denote the spans of the first d vectors and the
last n — d vectors of the canonical basis of R™. Let By and B, _g4, respectively,
denote the unit Euclidean balls in R? and R"~¢. Let

(80) T = 5127'.
Let II; be the map given by the orthogonal projection from R™ onto RY. Let
cyl := 7(Bg % B,,_q), and cyl? = 27(By x B,,_4). Suppose that for any = € 27 By
and y € 278, 4, ¢cy12 is given by

gz)cyl2 (:Ea y) = |y|2a
and for any z ¢ cyl?,

chyl? (Z) =0.
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TESTING THE MANIFOLD HYPOTHESIS 1015

Suppose for each i € [N] := {1,...,N}, z; € B,(0,1) and o; is a proper rigid
body motion, i.e., the composition of a proper rotation and translation of R™ and
that 0;(0) = x;.

For each i € [N], let cyl, := 0;(cyl), and cyl? := 0;(cyl?). Note that z; is the
center of cyl,.

We say that a set of cylinders C, = {cyl?,.. .,cyl?\—,} (where each cyl? is
isometric to cyl?) is a cylinder packet in C7(d,V, ) (or simply a cylinder packet)
if the following conditions hold true:

(1) The number of cylinders N is less than or equal to .
(2) Let S; := {cyl?,...,cyl?_ } be the set of cylinders that intersect cyl?.
1

e
Translate the origin to the center of cyl? (i.e., z;) and perform a proper
Euclidean transformation that puts the d dimensional central cross section
of cyl? in R%.

There exist proper rotations U;,, ..., insil’
in S; such that U;, fixes the center z;, of cyl?j and

respectively, of the cylinders
cyl2

TR

7Cy17‘2\5i|
translations T'r;,, . .. i such that
(a) For each j € [|S;]], Tr:
contained in R? whose Euclidean norm is at least %
(b) The set {T'r;, Ui, i,j € [|Sil]} Neyl? is a § net of RN cyl?.
(¢) |(Id=Us;)v| < 2(Z)|v—ay,|, for each j in {1,...,]S;|}, and any
vector v.

(d) |Tr;, (0)] < = for each j in {1,...,|S[}.

Ui, cyl?j is a translation of cyl? by a vector

|

Observation 4. Any point in By(0,(5/2)7) is within T/2 of a point in By(0,27),
which in turn is within 7/2 of some Trjx;,. It therefore follows that

U(Tr, Uiy (05, (RY) 1 ey, ) 2 Ba(0, (5/2)7).
J
We call {o1,...,05} a packet of rigid body motions or simply a packet if
{o1(cyl),...,o5(cyl)} is a cylinder packet.

11. CONSTRUCTING A DISC BUNDLE POSSESSING THE DESIRED CHARACTERISTICS

11.1. Approximate squared distance functions. Suppose that M € G(d,V, )
is a submanifold of R™. For 7 > 0, let

M;z :={z€R" inf |z —2z| <7}
zeM

Note that M; is a tubular neighborhood of the manifold M. Let d be a suit-
able large constant depending only on d, and which is a monotonically increasing
function of d. Let

(81) d := min(n, d).

We use a basis for R™ that is such that R? is the span of the first d basis vectors,
and R is the span of the first d basis vectors. We denote by 114, the corresponding
projection of R™ onto R%. Recall that

T 1= C12T.
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1016 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

Definition 15. Let asdf}, denote the set of all functions F : Mz — R such that
the following is true. For every z € M, there exists an isometry ©, of R™ that fixes
the origin and maps R? to a subspace parallel to the tangent plane at z such that
F,: B,(0,1) = R given by

- F(z+ 70, (w
satisfies the following:

ASDF-1 F, satisfies the hypotheses of Theorem [I3] for a sufficiently small con-
trolled constant p which will be specified in Equation (BHl) in the proof of
Lemma M4 The value of k equals r + 2, where r = 2 is the degree of
smoothness of the manifolds in Definition Bl

ASDF-2 There is a function F. : R — R such that for any w € B, (0, 1),

(83) Fo(w) = F, (ILg(w)) + [w — Mg(w)[?,
where R* C RY C R™, and d is a function of d alone.
Let
(84) L. = {w]| 1}, (w)OF, (w) = 0},
where I, is as in Theorem [[3] applied to the function E,.

Lemma 14. Suppose that M € G(d,V,T) is a submanifold of R". Let F be in
asdff\/l, and let T, and ©. be as in Definition I3l
(1) The graph T, is contained in RY.
(2) Let ¢4 and c5 be the constants appearing in (BIl) in Theorem [I3], once we
fix Cy in (28]) to be 10, and the constants ¢; and Cy in (29) to 1/10 and
10, respectively. The set

Myt = {z € Mmin(c4ﬁcs)7—.|ﬂhi(z)8ﬁ'(z) = 0}
is a submanifold of R™ and has a reach greater than ct, where ¢ is a constant
depending only on d.

Here 1, (z) is the orthogonal projection onto the eigenspace corresponding to ergen-
values in the interval [¢2, Cs] that is specified in Definition [I4l

Proof. To see the first part of the lemma, note that because of (&3]), for any
w € B,(0,1), the span of the eigenvectors corresponding to the eigenvalues of
the Hessian of F = F., that lie in (¢2,C3) contains the orthogonal complement of
R? in R” (henceforth referred to as R"~%). Further, if w ¢ R?, there is a vector in
R4 that is not orthogonal to the gradient OF, (w). Therefore

T, C R4

We proceed to the second part of the Lemma. We choose ¢35 to be a small enough
monotonically decreasing function of d (by (8I) and the assumed monotonicity
of d, @1 is consequently a monotonically decreasing function of d) such that for
every point z € M, F, given by (B3] satisfies the hypotheses of Theorem [I3] with
p < % where C' is the constant in Equation ([32)) and where ¢ is a sufficiently small
controlled constant. Suppose, for the purpose of reaching a contradiction, that
there is a point Z in My, such that d(2, M) is greater than M, where ¢4
and c; are the constants in (BIl). Let z be the unique point on M nearest to 2.
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TESTING THE MANIFOLD HYPOTHESIS 1017

We apply Theorem [[3] to F.. By Equation ([32) in Theorem [I3] there is a point
Z € Mpys such that

(85) |z — 2| < Cp < ClemT.

The constant ¢;e,, is controlled by ¢ and can be made as small as needed provided it
is ultimately controlled by d alone. We have an upper bound of C' on the first-order
derivatives of ¥ in Equation (B2), which is a function whose graph corresponds
via O, to My, in a Z-neighborhood of z. Any unit vector v € Tan®(z) is nearly
orthogonal to Z — 2 in that

’(2 - éa U> | 2Clmn

|2—2’ min(C4,C5).

(86)

We can choose ¢je,, small enough that (86) contradicts the mean value theorem
applied to ¥ because of the upper bound of C' on |0¥| from Equation (32).
This shows that for every £ € My, its distance to M satisfies

IIliIl(C47 Cs)f

(87) d(z, M) < :

Recall that
Mput = {Z € Mmin(czl,cs)‘?’Hhi(’z)ap(z) = 0} :
Therefore, for every point £ in M, there is a point z € M such that

(88) B, (z M) C ©. (Ba(0, cs7) x By_a(0, c57)).

We have now shown that M, lies not only in M iy (e, c5)7 but also in M min(ey.c5)r -
2
Recall that 7 = ¢ o7 by ([B0). This fact, in conjunction with (B2]) and Proposition[I]

implies that My, is a manifold with reach greater than cr. O
Let

(89) DE — Moy

be the bundle over M,,; wherein the fiber at a point 2 € M, consists of all points

z such that

(1) |Z—2 <7, and B
(2) z — z lies in the span of the top n — d eigenvectors of the Hessian of F
evaluated at 2.

Observation 5. By Theorem M3, M is a C"-smooth section of D?ﬁ and the
controlled constants c1, . ..,cr and C and depend only on ¢1,Cy, Co, k, and n (these
constants are identical to those in Theorem [[3]). By (B3]), we conclude that the
dependence on n can be replaced by a dependence on d.

11.2. The disc bundles constructed from approximate-squared-distance
functions are good. In this subsection, we prove that any approximate-squared-
distance function defined on a cylinder packet corresponds to a putative manifold
and a disc bundle having good properties. By Lemma [I7 of the next section and
Observation [l it will follow that every manifold in G(d,V,7) is achieved as the
graph of a section of a disc bundle constructed from some element of C7(d, V, 7).

Licensed to Mass Inst of Tech. Prepared on Wed Mar 22 10:17:40 EDT 2017 for download from IP 18.9.61.112.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1018 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

Suppose that C € C7(d,V,7) is a cylinder packet corresponding to
0 = {o01,...,05}. Let A be the union over i of the discs A; = o0;(R? N cy1?).
For 7 > 0, let

7= R"| inf |z — 2 Tt
A {z € |212A\z zZl < 7}

Note that A is a neighborhood of the set M. As before, let d be a suitable large
constant depending only on d, and which is a monotonically increasing function of
d. Let

(90) d := min(n, d).

As was the case earlier, we use a basis for R" that is such that R? is the span of
the first d basis vectors, and R¢ is the span of the first d basis vectors. We denote
by II;, the corresponding projection of R™ onto R,

Definition 16. Let asdfz denote the set of all functions F': Az — R such that the
following is true. For everyi € N and z € 0;(RY)Neyl?, there exists an isometry O,
of R™ that fizes the origin and maps R? to a subspace parallel to 0;(R?) containing
z such that F, : B,(0,1) = R given by

~ F(z+ 70, (w))
(91) F,(w)= — =
satisfies the following.

ASDFs—1 F, satisfies the hypotheses of Theorem [I3] for a sufficiently small
controlled constant p which will be specified in Equation (Q4) in the proof
of Lemma I8l The value of k equals r + 2, where r = 2 is the degree of
smoothness of the manifolds in Definition [3

ASDF4 — 2 There is a function F, : R? — R such that for any w € B,(0,1),

(92) Fy(w) = F, (Tg(w)) + Jw — Mg(w) [,
where R% C R4 CR", and d is a function of d alone.
Let
(93) L. = {w|ILj;(w)IF. (w) = 0},
where II7, is as in Theorem [[3] applied to the function F,.

Lemma 15. Let F be in asdf’y, and let ', and ©, be as in Definition [[6l.

(1) The graph T, is contained in RY.

(2) Let ¢y and c5 be the constants appearing in (BIl) in Theorem [I3], once we
fix Cy in (28]) to be 10, and the constants ¢; and Cy in (29) to 1/10 and
10, respectively. The set

Mput = {Z € Amin(a;,q:,)?"Hhi(z)ap(z) = O}
is a submanifold of R™ and has a reach greater than ct, where c is a constant
depending only on d.

Here I1y;(2) is the orthogonal projection onto the span of eigenvectors corresponding
to eigenvalues in the interval [¢2, Ca] that is specified in Definition [I4l

Licensed to Mass Inst of Tech. Prepared on Wed Mar 22 10:17:40 EDT 2017 for download from IP 18.9.61.112.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



TESTING THE MANIFOLD HYPOTHESIS 1019

Proof. The proof of this lemma closely follows the proof of Lemma [T4]

To see the first part of the lemma, note that because of (@2), for any w € B,(0,1),
the span of the eigenvectors corresponding to the eigenvalues of the Hessian of F' =
F, that lie in (¢, Cs) contains the orthogonal complement, of R% in R” (henceforth
referred to as R"~%). Further, if w ¢ R?, there is a vector in R?~¢ that is not
orthogonal to the gradient dF, (w). Therefore

I, C RY.

We proceed to the second part of the Lemma. We choose ¢;5 to be a small enough
monotonically decreasing function of d (by (8I) and the assumed monotonicity
of d, ¢15 is consequently a monotonically decreasing function of d) such that for
every point z € A, F, given by (@2) satisfies the hypotheses of Theorem [[3] with
p < %’ where C' is the constant in Equation ([82) and where ¢ is a sufficiently
small controlled constant. Suppose, for the purpose of reaching a contradiction,
that there is a point 2 in M, such that d(Z,.A) is greater than M, where
c4 and cs are the constants in (BI). Since £ belongs to Amin(cs.c5)7 € U; cyl,, by
Observation @ and (b) of Section [[it is possible to choose a point z on 0;(R%)Ncyl,
for some ¢ such that 2min(cyq, c5) > d(z, 2) > M and z — 2 is orthogonal to
every vector in (z — 0;(R?)) . We apply Theorem [[3] to F,. By Equation ([32) in
Theorem [I3] there is a point Z € M, such that

(94) |z — 2| < Cp < ClemT.

The constant ¢;e,, is controlled by ¢ and can be made as small as needed provided it
is ultimately controlled by d alone. We have an upper bound of C' on the first-order
derivatives of ¥ in Equation (B2]), which is a function whose graph corresponds

via ©, to My, in a Z-neighborhood of z. Any unit vector v € Tan®(z) is nearly
orthogonal to Z — 2 in that

2

o 2Ctem|Z — 2|

We can choose ¢je,, small enough that (@) contradicts the mean value theorem
applied to ¥ because of the upper bound of C on |0¥| from Equation (32).
This shows that for every 2 € My, its distance to A satisfies

(96) d(z,A) < M
Recall that
Mput = {Z S Amin(&h%);‘Hhi(z)ap(z) = 0} .

Therefore, for every point 2 in M., there is a point z € A such that
07) B (z M) C 0. (Ba(0, c47) X Bya(0, c57))

We have now shown that M, lies not only in Ayin(e,,c)r but also in Amin(ey.cpr -

2
Recall that 7 = €127 by ([80). This fact, in conjunction with ([B2]) and Proposition[I]
implies that My, is a manifold with reach greater than cr. O

Observation 6. By Theorem [[3], the graph of any function f : 0;(R?) N cyl, —
0i(R"=4) N eyl, such that f : x — (1)7)f(x/7) has C* norm less than a sufficiently
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1020 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

small controlled constant (see Definition 22)) corresponds to a C%-smooth local sec-
tion of the disc bundle D%ﬁ (see (BA)) and the controlled constants c1,...,c7 and
C and depend only on c1,Cy,Co, k, and n (these constants are identical to those in
Theorem [13]). By (I83]), we conclude that the dependence on n can be replaced by a
dependence on d.

12. CONSTRUCTING AN EXHAUSTIVE FAMILY OF DISC BUNDLES

We wish to construct a family of functions F defined on open subsets of B, (0, 2)
such that for every M € G(d,V,7) such that M C B,(0,1), there is some FeF
such that the domain of F' contains M- and the restriction of F' to M is contained
in asdfj\/l.

We now show how to construct a set D of disc bundles rich enough that any
manifold M € G(d, 7, V) corresponds to a section of at least one disc bundle in D.
The constituent disc bundles in D will be obtained from cylinder packets.

Define

(98) 6:RY—[0,1]

to be a bump function that has the following properties for any fixed k for a
controlled constant C"

(1) For all e such that 0 < |a| <k, for all € {0} U (—o0, —1] U [1, 00)
0%0(x) = 0,

and for all z € (—oo0, —1] U [1, 00)

O(z)=0
(2) for all z,
|0°0(2)| < C,
and for |z| < I,
0(z) =1.

Definition 17. Given a packet 6 := {o01,...,05}, define F°:|J, cyl, = R by
> Geyiz(0; 1(2))0 (a(o; ' (2))/(27))
cylfsz
> 0 (Mao; '(2))/(27))

cyl?Bz

(99) Fo(z) =

Definition 18. Let Ay and As be two d dimensional affine subspaces of R™ for
some n > 1 that, respectively, contain points x1 and xo. We define (A1, As), the
“angle between Ay and As,” by

cCn= s (e avecos (220,

z1+vi1€AL\21 z2tv2€A2\T2 HU1||||/U2H
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Lemma 16. Let {cyly,...,cyly} be a cylinder packet.
Then,

F° € asdf7.

Proof. Recall that asdfz denotes the set of all F': Ar — R (where 7 = €157 and
M is a T-neighborhood of M) for which the following is true:

e For every z € A;, there exists an isometry © of H that fixes the origin and
maps R? to a subspace parallel to A; satisfying the conditions below.
Let F. : B, (0,1) — R be given by
- F(z +70(w))
Then, FZ
(1) satisfies the hypotheses of Theorem [[3 with k =r + 2 = 4.
(2) For any w € By,

(100) E(w) = F, (Tg(w)) + [w — (w)|?,
where R"™ D R? D) Rd, and Il is the projection of R™ onto R,
For any fixed z € A;, it suffices to check that there exists an isometry © of H which

satisfies as follows:
(A) The hypotheses of Theorem [[3] are satisfied by

(101) Fow) = T4 TOW)

— )
72

and
(B)

F2(w) = F2 (I3(w)) + |w — T(w) P,
where R" D R4 D R?, and I1; is the projection of R™ onto RY.
We begin by checking the condition (A). It is clear that F° : B,(0,1) — R is

C*-smooth.
Thus, to check condition (A), it suffices to establish the following claim.

Claim 3. There is a constant Cy depending only on d and k such that
C4.1A 92 F°(x,y) < Cy for (z,y) € Bn(0,1) and 1 < |a| < k.

T,y 2

C4.2A For (z,y) € B,(0,1),
cilly + 0% < [F2(x,y) + %) < Cullyl + 7],

where, by making €12 sufficiently small, we can ensure that p > 0 is less
than any constant determined by Cy,cq,Ch, k, d.

Proof. That the first part of the claim, i.e., (C4.14), is true follows from the chain
rule and the definition of F2(z, 1) after rescaling by 7. We proceed to show (C4.24).
For any i’ € [N] and any vector v in R¢, for p taken to be the value from Theo-
rem[I3 for (z,y) € B,(0,1), the corresponding 2’ € B, (z,7) belongs to some cyl?.
Suppose without loss of generality that ¢ = 1 and the other cylinders that con-
tain 2’ are 2,...,t. Then, F° is a convex combination of d(2/, 4;)?,...,d(2, A;)?.
Note that y = d(2',.A;1)/(27). Thus, it suffices to prove that for each j > 1,
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1022 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

|d(2', A;) —d(2', A1)| < 7p?/8. Tt follows from (c) and (d) of Section [0 that there
is a rigid body motion of cyl? that maps it to an isometric image such that no
point of cyl? is moved by more than 1672/7, such that the image of A; is con-
tained inside o1 (R?). It follows that |d(2’,4;) —d(2,A1)| < 1672 /7, which in turn
by a proper choice of €5 can be made less than 7p?/8 as we desire. This ends the
proof of Claim [Bl O

We proceed to check condition (B). This holds because for every point z in A,
the number of ¢ such that the cylinder cyl, has a non-empty intersection with a
ball of radius 2v/2(7) centered at z is bounded above by a controlled constant (i.e.,
a quantity that depends only on d). It follows from (a) of Section [I0] that we can
choose © so that O(II;(w)) contains the linear span of the d dimensional cross
sections of all the cylinders containing z. This, together with the fact that #H is a
Hilbert space, is sufficient to yield condition (B). The lemma now follows. (I

Let M belong to G(d,V,7). Let Y := {y1,...,yx} be a maximal subset of
M with the property that no two distinct points are at a distance of less than %
from each other. We construct an ideal cylinder packet {cyl?,..., cylfv} by fixing
the center of cyl? to be y;, and fixing their orientations by the condition that
for each cylinder cyl?, the d dimensional central cross section is a tangent disc to
the manifold at y;. Given an ideal cylinder packet, an admissible cylinder packet
corresponding to M is obtained by perturbing the center of each cylinder by less
than %27" and applying arbitrary unitary transformations to these cylinders whose
difference with the identity has an operator norm less than 1f-. It is not difficult to
check that an admissible cylinder packet is a cylinder packet as per the definition
in Section

Lemma 17. Let M belong to G(d,V,T), and let {cyl,..., cyly} be an admissible
packet corresponding to M.
Then,

F°c asdff\,l.

Proof. Recall that asdff\/[ denotes the set of all F': M- — R (where 7 = €157 and
M is a T-neighborhood of M) for which the following is true:

e For every z € M, there exists an isometry © of H that fixes the origin
and maps R? to a subspace parallel to the tangent plane at z satisfying the
conditions below.

Let F. : B, (0,1) — R be given by
. F(z+70(w
oy = T 70w

T

Then, F,

(1) satisfies the hypotheses of Theorem [[3 with k =r + 2 = 4.
(2) For any w € By,

(102) Fx(w) = F, (Ug(w)) + [w — (w)P?,

where R” D RY D R?, and II; is the projection of R” onto R,
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TESTING THE MANIFOLD HYPOTHESIS 1023

For any fixed z € M, it suffices to check that there exists a proper isometry © of

‘H such that
(A) The hypotheses of Theorem [[3 are satisfied by
- Fo(z+70(w))
(103) c(w) =
and

(B)
F2(w) = F2 (Hg(w)) + |w = T(w) %,
where R" D R4 D R?, and II; is the projection of R™ onto RA.
We begin by checking the condition (A). It is clear that F° : B,(0,1) — R is

C*-smooth.
Thus, to check condition (A), it suffices to establish the following claim.

Claim 4. There is a constant Cy depending only on d and k such that
C4.1 9% FO(x,y) < Cy for (z,y) € Bn(0,1) and 1 < |a| < k.

YTz

C4.2 For (z,y) € B,(0,1),
cilly + p°) < [F2(x,y) + %) < Cullyl + 7],

where, by making ¢12 sufficiently small, we can ensure that p > 0 is less
than any constant determined by Cy,cq,Ch, k, d.

Proof. That the first part of the claim, i.e., (C4.1), is true follows from the chain

rule and the definition of F?(z, y) after rescaling by 7. We proceed to show (C4.2).
For any i € [N] and any vector v in R?, for p taken to be the value from Theorem [[3]
we see that for a sufficiently small value of €15 = I (controlled by d alone), (I04)
and (I03) follow because M is a manifold of reach greater than or equal to 7, and
consequently Proposition [I] holds true,

2

M| < 22

(104) |z, — I pq] < 100°
2
(105) < (0s(RY), Tan(ILu(x:). M) < .

Making use of Proposition [I] and Claim [I we see that for any x;,z; such that
\xi — (Ej‘ < 37,

3 2
(106) < (Tan(Iu(z:), M), Tan(Ily (x;), M)) < Jo.
The inequalities (I04]), (I03), and ([I06) imply (C4.2), completing the proof of the
claim. O

We proceed to check condition (B). This holds because for every point z in M,
the number of ¢ such that the cylinder cyl, has a non-empty intersection with a
ball of radius 2v/2(7) centered at z is bounded above by a controlled constant (i.e.,
a quantity that depends only on d). This, in turn, is because M has a reach of 7
and no two distinct y;,y; are at a distance less than % from each other. Therefore,
we can choose © so that ©(II7(w)) contains the linear span of the d dimensional
cross sections of all the cylinders containing z. This, together with the fact that H
is a Hilbert space, is sufficient to yield condition (B). The lemma now follows. [
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1024 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

FI1GURE 5. Optimizing over local sections.

Definition 19. Let F be a set of all functions F° obtained as {cylf}ie[m ranges
over all cylinder packets centered on points of a lattice whose spacing is a controlled
constant multiplied by T and the orientations are chosen arbitrarily from a net of
the Grassmannian manifold Grl} (with the usual Riemannian metric) of scale that
is a sufficiently small controlled constant.

By Lemma [[7] F has the following property.

Corollary 18. For every M € G that is a C"-submanifold, there is some FeF
that is an approzimate-squared-distance function for M; i.e., the restriction of F'
to M5 is contained in asdf .

13. FINDING GOOD LOCAL SECTIONS

Definition 20. Let (x1,y1),...,(xN,yn) be ordered tuples belonging to By x By,
and let r € N. Recall that by Definition B, the value of v is 2. However, in the
interest of clarity, we will use the symbolr to denote the number of derivatives. We
say that a function

f By — B4
is an e-optimal interpolant if the C"-norm of f (see Definition 22)) satisfies
[fller < ¢,
and
N
(107) |f(zi) — yil* < CNe+ i |f (i) = wil?,
; Al o1y ;

where ¢ and C > 1 are some constants depending only on d (see Figure Bl).

13.1. Basic convex sets. We will denote the codimension n — d by n. It will be
convenient to introduce the following notation. For some i € N, an “-Whitney
field” is a family P= {P*}.cp of i dimensional vectors of real-valued polynomials
P, indexed by the points z in a finite set E C R%. We say that P = (Py),ep is a
Whitney field “on E.,” and we write Wh(F) for the vector space of all n-Whitney
fields on E of degree at most 7.
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TESTING THE MANIFOLD HYPOTHESIS 1025

Definition 21. Let C"(R?) denote the space of all real functions on R? that are
r-times continuously differentiable and

sup sup \8O‘f| | < o0.
|| <r zeRd

For a closed subset U € R% such that U is the closure of its interior U°, we
define the C"-norm of a function f:U — R by

(108) I fller(uy) := sup sup [0 f] |.

la|<rxcU°

When U is clear from context, we will abbreviate || f

cr(u) to || fller-
Definition 22. We define C"(Bg, Bn) to consist of all f : By — Bp such that
f(x) = (fY(x),..., f"(z)) and for each i € i, f; : B4 — R belongs to C"(By). We
define the C"-norm of f(z) := (fY(x),..., f"(z)) b

I fllcr(Ba,Ba) = sup sup sup [0({f,v))],].
|a|<rve€Bs x€Bg

Suppose F € C"(By), and x € By, we denote by J,(F) the polynomial that is the
rth order Taylor approximation to F at x, and call it the “jet of F' at x.”

If P = {P,}zcr is an i-Whitney field, and F € C"(Bg, By), then we say that
“F agrees with P,” or “F is an extending function for P,” provided J,(F) = P,
for each = € F. If Et D E, and (P} ),cp+ is an i~ Whltney field on E*, we say
that Pt “agrees with P on E” if for all x € E, P, = P;f. We define a C"-norm on
n-Whitney fields as follows. If P € Wh?(E), we define

(109) I1Pller(e) = iII}f|\F\|CT(Bd7Bﬁ),

where the infimum is taken over all F' € C"(By, B;) such that F agrees with P.
We are interested in the set of all f € C"(Bg, Bp) such that ||f[lcr(p,,B.) < 1.
By results of Fefferman (see page 19 in [24]) we have the following.

Theorem 19. Given ¢ > 0, a positive integer r and a finite set E C R%, it
is possible to construct in time and space bounded by exp(C/e)|E| (where C is
controlled by d and r) a set E* and a convex set K having the following properties:
e Here K is the intersection of m < exp(C/e)|E| sets {x|(a;(z))? < Bi},
where a;(x) s a real valued linear function such that a(0) =0 and B; > 0.

Thus

K i {alYi € ], (as(0))” < B} © WH(E),

o« IfPc Whi(E™T)
field P+ € K that agrees with P on E

o Conversely, if there exists a Whitney field Pt € K that agrees with P on
E, then ||Pllcrpy < 1+ e

For our purposes, it would suffice to set the above e to any controlled constant.
To be specific, we set € to % By Theorem 1 of [23] we know the following.

Theorem 20. There exists a linear map T from C"(E) to C"(R?) and a controlled
constant C' such that Tf|E = f and |Tfllcrway < Cllfllerm)-
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1026  CHARLES FEFFERMAN, SANJOY MITTER, AND HARTHARAN NARAYANAN
Definition 23. For {«;} as in Theorem [T, let K C @7, Wh.(E*) be the set
of all (z1,...,x5) € @), WhL(ET) (where each x; € Whi(ET)) such that for each
i€ [m]

(ai(w))* < Bi.

-

=1

Thus, K is an intersection of m convex sets, one for each linear constraint ;.
We identify ;- , Wh!(E*) with Wh! (E™) via the natural isomorphism. Then, from
Theorem [[9 and Theorem 20] we obtain the following.

Corollary 21. There is a controlled constant C' depending on r and d such that
e If P is a n-Whitney field on E such that ||]3HCT(E7Rﬁ) < C71, then there
exists a n-Whitney field Pt e K that agrees ivith ]5; on E. B
e Conversely, if there exists a in- Whitney field Pt € K that agrees with P on
E, then || Pllerprny < C.

13.2. Preprocessing. Let € > 0 be an error parameter.

Notation 1. For n € N, we denote the set {1,...,n} by [n]. Let {z1,...,zn} C
R4,

Suppose z1, ...,z y is a set of data points in R? and 1, . .., yn are corresponding
values in R"™. The following procedure constructs a function p : [N] — [N] such
that {xp) }iepv) is an énet of {x1,...,2n}. Fori=1to N, we sequentially define
sets S; and construct p.

Let Sy := {1} and p(1) := 1. For any i > 1,

(1) if {j:j € Simrand|x; — ;| < €} # 0, set p(i) to be an arbitrary element
of {j:jeSi—1and|zr; — x| <&}, and set S; == S;_1,
(2) and otherwise set p(i) := 4, and set S; := S;_1 U {i}.

Finally, set S := Sy, N = |S], and for each i, let
h(i) == {j : p(j) = i}.
For i € S, let p; := N~!|h(i)|, and let

(110) 5= (i) Pt

It is clear from the construction that for each i € [N], |z, — z;| < € The
construction of S ensures that the distance between any two points in S is at
least €. The motivation for sketching the data in this manner was that now, the
extension problem involving F = {x;|i € S} that we will have to deal with will be
better conditioned in a sense explained in the following subsection.

13.3. Convex program. Let the indices in [N] be permuted so that S = [N]. For
any f such that || f||ce < C7'e, and |z —y| < € we have | f(x)— f(y)| < € (and so the
grouping and averaging described in the previous section do not affect the quality
of our solution); therefore we see that in order to find a éoptimal interpolant, it
suffices to minimize the objective function

N
=Y pilgi — Pr, ()],
i=1
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TESTING THE MANIFOLD HYPOTHESIS 1027

over all P € K C Whil(E"), to within an additive error of €, and to find the
corresponding point in K. We note that ¢ is a convex function over K.

Lemma 22. Suppose that the distance between any two points in E is at least €.
Suppose P € Whl(E+) has the property that for each x € E, every coefficient of P,
is bounded above by c'€. Then, if ¢ is less than some controlled constant depending
on d,

1Pllez(ry < 1.
Proof. Let

fl@y=> 0 (M) P.(z).

z€E

By the properties of 6 listed in Section [[2] we see that f agrees with P and that
| fllc2(ray < 1if ¢" is bounded above by a sufficiently small controlled constant. [

Let zopt € K be any point such that
((zopt) = inf ¢(2").
z'eK

Observation 7. By Lemma 22 we see that the set K contains a Fuclidean ball of
radius '€ centered at the origin, where ¢’ is a controlled constant depending on d.
It follows that K contains a Fuclidean ball of the same radius ¢'€ centered at
the origin. Due to the fact that the magnitudes of the first m derivatives at any
point in E1 are bounded by C, every point in K is at a BEuclidean distance of at
most CN from the origin. We can bound N from above as follows:
-~ C
N < e
Thanks to Observation [ and facts from computer science, we will see in a few
paragraphs that the relevant optimization problems are tractable.

13.4. Complexity. Since we have an explicit description of K as in intersection
of cylinders, we can construct a “separation oracle,” which, when fed with z, does
the following;:

e If z € K, then the separation oracle outputs “Yes.”

e If z ¢ K, then the separation oracle outputs “No” and in addition outputs
a real affine function a : Wh(ET) — R such that a(z) < 0 and V2’ € K

a(z") > 0.
To implement this separation oracle for K, we need to do the following. Suppose we
are presented with a point = (21,...,25) € Wh(E™), where each x; € Whl(E™).

(1) If, for each i € [m],

holds, then declare that = € K.
(2) Else, let there be some ig € [m] such that

i
Z o (7)) > Big-

Jj=1
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1028 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

Output the following separating half-space:
{(y1> ) yﬁ) : Zaio(xj)aio(yj - ‘Tj) < 0}
j=1

The complexity Ap of answering the above query is the complexity of evaluating
a;(z;) for each i € [m] and each j € [n]. Thus

(111) Ap < am(dim(K)) < CnN?.
Claim 5. For some a € K,

B(a,27") C {z € K|((2) - ((zopt) <€} C B(0,2"),
where L can be chosen so that L < C(1+ |log(€)|).

Proof. By Observation [7, we see that the diameter of K is at most Cé~¢ and K
contains a ball By, of radius 27 . Let the convex hull of By and the point Zopt be
K},. Then,

{z € Knl((2) = Czopt) < &} C {2 € K[((2) — C(20pt) < €}
because K is convex. Let the set of all P € Wh(E*) at which

N
Ci=Y pilgi = P (x:)]> =0
i=1

be the affine subspace H. Let f : Wh(E™) — R given by
f(z) = d(z, z0pt) = |2 — zopt],

where | - | denotes the Euclidean norm. We see that the magnitude of the gradient
of ¢ identity. Therefore,

{z € K},|((2) = C(zopt) <€} 2 {2z € Kh|2CN(f(z)) < E}.
We note that

{z € Kp|2CN(f(2)) <& = K,N B ( 2C_N) ’

where the right hand side denotes the intersection of Kj with a Euclidean ball of

radius 251\7 and center z,,¢. By the definition of K}, K; N B (Zopt7 ﬁ) contains

a ball of radius 272F. This proves the claim. O

Given a separation oracle for K € RMAm(K) and the guarantee that for some

a€ K,

(112) B(a,27") € {z € K|((2) = ((zopt) < €} € B(0,2"),

if € > €+ ((20pt), Vaidya’s algorithm (see [53]) finds a point in K N {2|¢(2) < €}
using

O(dim(K)AoL' + dim(K)** L)
arithmetic steps, where L’ < C(L+|log(€))|). Here Ay is the number of arithmetic

operations required to answer a query to the separation oracle.
Let €,, denote the smallest real number such that

(1)

€pgq > €.
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(2) For any € > €,4, Vaidya’s algorithm finds a point in K N{z|((2) < €} using
O(dim(K)AL' + dim(K)** L)
arithmetic steps, where L' < C(1 4 |log(€))|).

A consequence of (I12) is that €,, € [27F, 2EF1. Tt is therefore clear that €,, can
be computed to within an additive error of € using binary search and C(L + | In€|)
calls to Vaidya’s algorithm.

The total number of arithmetic operations is therefore

O(dim(K)AgL? 4 dim(K)*3*L?)
where L < C(1 + |log(€)]).

14. PATCHING LOCAL SECTIONS TOGETHER

This section starts by defining local sections (to be called M, later) and con-
cludes with the definition of the final manifold M ¢;,,, which is obtained by patching
local sections together.

For any ¢ € [N], recall the cylinders cyl, and Euclidean motions o; from Sec-
tion

Let base(cyl,) := 0;(cyl NR?) and stalk(cyl,) := o;(cyl NR""9). Let f; :
By — B,,_4 be an arbitrary C? function such that

. 27
illez < —.
(113 Il < 2
Let f; : base(cyl) — stalk(cyl) be given by
/T
(114) fil@) =7 (%)

Now, fix an i € [N]. Without loss of generality, we will drop the subscript i
(having fixed this 7) and assume that o; := id, by changing the frame of reference
using a proper rigid body motion. Recall that F'° was defined by ([I03), i.e.,

o) o FOG0)

7*—2

FIGURE 6. Patching local sections together: base manifold in blue,
final manifold in red, and local sections in yellow.
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1030 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

(now 0 and o; = id play the role that z and © played in (I03])). Let N(z) be the
linear subspace spanned by the top n — d eigenvectors of the Hessian of F° at a
variable point z. Let the intersection of

Bd(O, 1) X Bn_d(O, 1)
with
{z[(0F°|,,v) = Ofor allv € IT;(2)(R")}

be locally expressed as the graph of a function g;, where

(115) gi : Bq(0,1) — R"4,
For this fixed i, we drop the subscript and let g : B4(0,1) — R"~% be given by
(116) g = gi.

As in (84)), we see that
I' = {w|Hy;(w)0F°(w) = 0}
lies in ]RJ, and the manifold M, obtained by patching up all such manifolds for

i € [N] is, as a consequence of Proposition [[land Theorem [[3] a submanifold, whose
reach is at least c7. Let

710!
D™ 5 Moy

be the bundle over M,; defined by &9). B
Let s; be the local section of D*™ := D}%™ defined by

(117) {Z + Si(2)|z S U’L} =04 ({l‘ + fi(x)}a;ebase(cyl)) ’

where U := U; C My is an open set fixed by ([[I7). The choice of T in (II3)
is small enough to ensure that there is a unique open set U and a unique s; such
that (IT7) holds (by Observations [ 2 and B). We define U; for any j € [N]

analogously. Next, we construct a partition of unity on My,,. For each j € [N],
let 6; : Mp,: — [0,1] be an element of a partition of unity defined as follows. For
x €cyl,,

Hd(oglr) . .
0,(z) = 0 <f) , ifxe cyl;;

otherwise,
where 6 is defined by (@8]). Let
(118) 0;(z) = — 25
> e 95 ()
We use the local sections {s;|j € [N]}, defined separately for each j by (IIT)

and the partition of unity {6;};c5, to obtain a global section s of D2°™ defined as
follows for x € U; (see Figure [)):

(119) s(z) =Y 0;(x)s;(x).
JE[N]
We also define f: V; — B,_q4 by

(120) {z+5(2)[z € Ui} = {z +7f(2/7)}ev, -
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The above equation fixes an open set V; in R?. The graph of s, i.e.,
(121) {(z+ s(2))|r € Mpw} =2 Myin,

is the output manifold. We see that (I2I)) defines a manifold M ;,, by checking
this locally. We will obtain a lower bound on the reach of M y;, in Section

15. THE REACH OF THE FINAL MANIFOLD M4,
Recall that F° was defined by ([I03), i.e.,

Fa(w) = Folrw)

=2
=
(now 0 and o; = id play the role that z and © played in [I03))). We place ourselves in

the context of Observation[3l By construction, F° : B,, — R satisfies the conditions
of Theorem [I[3] and therefore there exists a map

B : By(0,e11) = Ba0,10) X By g <o, %) ,
satisfying the following condition:
(122) D(2) = (x, I, _qv),
where
z=xz+g(x)+wv
and
v e N(z+g(x)).

Also,  and v are C"-smooth functions of z € B,,(0,¢11) with derivatives of order
up to r bounded above by C. Let

(123) ¢ : B,(0,2117) = B4(0,¢107) X By 4 <0, %)
be given by
() = 70(z/7).
Let D, be the disc bundle over the graph of g, whose fiber at « + g(z) is the disc

By (o4 o). ) (VNG + gl

By Lemma 23] below, we can ensure, by setting ¢1o < ¢ for a sufficiently small
controlled constant ¢, that the derivatives of ® — id of order less than or equal to
r =k — 2 are bounded above by a prescribed controlled constant c.

Lemma 23. For any controlled constant c, there is a controlled constant ¢ such

that if ¢12 < ¢, then for each i € [N] and each |a| < 2 the functions ® and g,

respectively, defined in (122)) and (II6]) satisfy
0%(® —id)| < ¢,

0% < c.
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Proof of Lemma 23] We would like to apply Theorem here, but its conclusion
would not directly help us, since it would give a bound of the form

0°®| < C,

where C' is some controlled constant. To remedy this, we are going to use a simple
scaling argument. We first provide an outline of the argument. We change scale
by “zooming out,” then apply Theorem [I3] and thus obtain a bound of the desired
form

10%(® — id)| < c.

We replace each cylinder cyl; = 0;(cyl) by cyl; := 0;(7(Bax (CB,_4))). Since the
guarantees provided by Theorem have an unspecified dependence on d (which
appears in ([I02])), we require an upper bound on the “effective dimension” that
depends only on d and is independent of C. If we were only to “zoom out,” this
unspecified dependence on d renders the bound useless. To mitigate this, we need
to modify the cylinders that are far away from the point of interest. More precisely,
we consider a point x € eyl; and replace each cyl ; that does not contribute to ()

by cgrlj, a suitable translation of
7(Bg x (CBp-a))-
This ensures that the dimension of
O Ajvsl A € Ryv; € 6;(RY)}
J

is bounded above by a controlled constant depending only on d. We then apply
Theorem [[3] to the function F'°(w) defined in ([I2H). This concludes the outline; we
now proceed with the details. §

Recall that we have fixed our attention to cyl;. Let

C}Vll = ’7_'(Bd X (C‘Bn,d)) = C};li,

where C'is an appropriate (large) controlled constant, whose value will be specified

later.
Let
cyl? := 27(By x (CB,_q)) = cyl2.
Given a packet 0 := {o01,...,05}, define a collection of cylinders

{ey1,1j € [N]}
in the following manner. Let
S:={j € [N]||o;(0)] < 67}.
Let
7= {j € [N]|[TLa(0;(0))] < C7and|o;(0)] < 4\/5(:*%} ,

and assume without loss of generality that 7' = [N] for some integer [N]. Here
4y/2C is a constant chosen to ensure that for any j € [N]\ [N], cyl?; Neyl® = 0.
For v € R", let Tr, : R® — R™ denote the map that takes z to x + v. For any
jEeT\S, let

U5 = HdOj (O)
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Next, for any j € T', let

. Oj, lfg7
0 1= . .
J Tr,,, ifjeS\T.

For each j € T, let cyl; := 6;(cyl). Define F : U,er cyl; — R by
(2 (Malo )
5 [ihalo; ) ()

cyvlszZ
S g (nd(og;(z»)

cyvl2j Sz

(124) Fo(2) =

Taking €2 to be a sufficiently small controlled constant depending on C, we see
that
. Fo(CTw)
restricted to B, satisfies the requirements of Theorem Choosing C' to be
sufficiently large, for each |a| € [2, k], the function ® defined in (I22)) satisfies

(126) 10°0] < c,
and for each |a € [0,k — 2], the function g defined in (I22)) satisfies
(127) |0%g] < ec.

Observe that we can choose j € [N]\ [N] such that |6;(0)| < 107, for this j,
cyl; Ncyl =0, and so

(128) 0| 15, (o) = d-

The lemma follows from Taylor’s theorem, in conjunction with (I26), (I21), and

livi)

Observation 8. By choosing C' > 2/¢11 we find that the domains of both ® and ®~1
may be extended to contain the cylinder (3) By x By_q, while satisfying ([22). O

Since [0%(® —Id)(z)| < c for |a| < r and 2 € (2) By x Bj,_q, we have [0%(®~! —
Id)(w)| < ¢ for |a] <7 and w € By X By,_q. For the remainder of this section, we
will assume a scale where 7 = 1.

For u € U;, we have the following equality which we restate from ([I9) for
convenience:

s(u) =Y 0;(u)s;(w).
JEIN]
Let I seua (for “pseudonormal bundle”) be the map from a point = in cyl to the

base point belonging to M, of the corresponding fiber. The following relation
exists between Il,5c,q and @:

Mpsend = 1P
We define the C*~2 norm of a local section s; over U C U; N U; by

Isjllcr-2qy = llsj 0 @ |l cr-2(muwy)-
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Recall that k — 2 = r = 2. Suppose for a specific x and ¢,

z+ fi(z) =t +s;(t),
where ¢ belongs to U; N U;. Applying 1l,scquq to both sides,

Mpseud(z + fi(x)) =t
Let

pseud( + fi(x)) =: ¢5(x).
Substituting back, we have
(129) z+ fi(x) = ¢;(x) + 5(0;(x)).
By definition 20l we have the bound Hfj||ck,2(¢;1(UmUj)) < c. We have
pscud(r + f(2)) = (Mpseua — Ma)(z + f5(2)) + 2,
which gives the bound
165 = 1dllgr-2(p 1 winuy)) < &

Therefore, from ([I29]),

(130) Is5 0 @illn-2451 winv,)) <
Also,
(131) H(bj_l o — IdHCk"—Q(Hd(UmUj)) sec

From the preceding two equations, it follows that

(132) Isjllck—2w.nu,) < e
The cutoff functions 60; satisfy

(133) 195l cx-2inu,) < C-

Therefore, by (1),

(134) Isller—>@inu;) < Cc,

which we rewrite as

(135) Isllcr—2w,nv;) < 1

Recall the statements surrounding ([I20)) for a definition of V;. We will now show
that

||f|\ck—2(m) <ec
By ([I20)) in view of 7 = 1, for u € Uj;, there is an x € V; such that

u+s(u) =z + f(x).
This gives us
IMg(u+ s(u)) = x.
Substituting back, we have
Ma(u + s(w) + F(Ta(u+ s(u))) = u + s(u).
Let
P(u) = a(u + s(u)).
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This gives us

(136) f(u)) = (u— () + s(u).
By ([I33) and the fact that |[0*(® — Id)(x)| < ¢ for |a| <, we see that
(137) ¢ = Idlcr-2,) < c.

By ([@3€), ([I31), and ([I35), we have || f o ¥|lcr—2,) < c.
By ([I37), we have
||77/}71 — Id”C’“*%%) <ec.

Therefore,

(138) [fllcr-20v;) < e

For any point v € M,y there is by Lemma [I4] for some j € [N], a U; such that
Myt N B(u,1/10) C U; (recall that 7 = 1). Therefore, suppose a, b are two points
on M y;,, such that |a —b| < 1/20, then [II,seua(a) — psena(b)] < 1/10, and so both
pseud(a) and Il,seuq(b) belong to U; for some j. Without loss of generality, let
this j be ¢. This implies that a,b are points on the graph of f over V;. Then, by
(I38) and Proposition [Il M y;,, is a manifold whose reach is at least cr.

16. THE MEAN-SQUARED DISTANCE TO THE FINAL MANIFOLD M f;y,
FROM A RANDOM DATA POINT

Let M+ be an approximately optimal manifold in that

reach(Mp) > CT,

vol(Mp) < V/C,
and

Erd ont)? < inf Erd L
pd(z, Mop:) = Meg(dCrev) T (@, M)" +e

Suppose that o is the packet from the previous section and that the corresponding
function F belongs to asdf(Mop:). We need to show that the M y;, constructed
using o serves the purpose it was designed for, namely, that the following Lemma
holds.

Lemma 24.
E,4pd(z, /\/lfm)2 <Cy (Enﬁpd(xa Mopt)2 + 6) :

Proof. Let us examine the manifold M ;,. Recall that M g, was constructed from
a collection of local sections {s;};cj, one for each i such that o; € 6. These local
sections were obtained from functions f; : base(cyl;) — stalk(cyl;). The s; were
patched together using a partition of unity supported on M,,;.

Let P;,, be the measure obtained by restricting P to Useinycyl;. Let Poye be the

measure obtained by restricting P to (Uz’e[IV] cyli)c. Thus,
P = Pout + Pzn
For any M € G,

(139) Epd(z, M)?> = Ep,,d(z, M)?+Ep, d(z, M)>.

out
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1036 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

We will separately analyze the two terms on the right when M is My;,. We
begin with Ep,_,,d(z, M;,)?. We make two observations:

(1) By ([[I3), the function f; satisfies
x T
[ fill e < —
-

2) By Lemma 23] the fibers of the disc bundle D®*™ over M,,; N cyl, are
p y 7
nearly orthogonal to base(cyl,;).

Therefore, no point outside the union of the cyl, is at a distance less than
f( — 277) tﬁO ./\/lfm.

Since F° belongs to asdf (M), we see that no point outside the union of the
cyl, is at a distance less than 7(1 — C¢2) to M,y Here C'is a controlled constant.

For any given controlled constant ¢, by choosing ¢i2 (i.e., =) appropriately, we
can arrange for

(140) Ep,,[d(z, Msin)?] < (1+ 0)Ep
to hold.

Consider terms involving P;,, now. We assume without loss of generality that P
possesses a density, since we can always find an arbitrarily small perturbation of

P (in the 2-Wasserstein metric) that is supported on a ball and also possesses a
density. Let

[d(, Mopt)?]

out

Mt : Ujencyl;, = Mpu
be the projection which maps a point in U,c 5cyl, to the unique nearest point on
Mpyi. Let pipy denote the d dimensional volume measure on M ;.
Let {P;,}.em,,, denote the natural measure induced on the fiber of the normal

disc bundle of radius 27 over z.
Then,

(1) Ep A Myl = [ Ep Ao My i ().
Mypur
Using the partition of unity {6;},c(x) supported on My, defined in (II8), we
split the right hand side of (I4I)). We will soon use pieces of M ;, which we call

3

fin'

(142)
[ Er e Mo i) = Y [ (2B [ My b2
Moput ieNMput

For x € cyl,, let N, denote the unique fiber of D*°*" that x belongs to. Observe
that M r;,, NN, consists of a single point. Define d(z, M f;,) to be the distance of
x to this point, i.e.,

d(z, Myin) = d(z, My NN,).

We proceed to examine the right hand side in (I42)).

By ([I24)
> / 03(2)Er, (o, Myin Adipun(z) < Y / 0,(2)Eps [A(z, Mpin)2)dpipu (2).

7 7
Mput Mput
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For each i € [N], let M’ n denote the manifold with boundary corresponding to
the graph of f;, i.e., let

(143) lfzn = {J) + fi(x)}wEbase(cyl) .

Since the quadratic function is convex, the average squared “distance” (where “dis-
tance” refers to d) to My, is less than or equal to the average of the squared
distances to the local sections in the following sense:

> [ 6B [ M) < 3 [ 0421, Ao M P ().
E Mot E My
Next, we will look at the summands of the right hand side. Lemma 23 tells us
that N, is almost orthogonal to o;(R?). By Lemma B3] and the fact that each f;
satisfies (I38)), we see that
(144) d(a, Mj;,,) < d(z, Mi;,,) < (14 co)d(ar, M)

Therefore,

3 / 2B [A(, M) it (2)

i
Moyt

1 +CO Z / E'pz ('raMiin)2]d:uput(Z)'
i Moput

We now fix i € [N]. Let P’ be the measure which is obtained, by the translation
via 0;1 of the restriction of P to cyl,. In particular, P* is supported on cyl.

Let pj, . be the push-forward of P* onto base(cyl) under II. For any « € cyl,,
let v(x) € M%, be the unique point such that z — v(z) lies in o;(R"~%). In
particular,

v(x) = gx + f;(Max).
By Lemma 23] we see that

[ 0B (e M iy (2) < o
Mput

Recall that MY, is the graph of a function f; : base(cyl) — stalk(cyl). In
Section [[3] we have shown how to construct f; so that it satisfies (IT3]) and (I43]),
where ¢ = <, for some sufficiently small controlled constant c,

z—v(z)

(145) Eopi | f;(Tgz) — T, _q2|® < €+ inf  Ep

rasp o el (o) = el

Let "' : base(cyl) — stalk(cyl) denote the function (which exists because of
the bound on the reach of M,,;) with the property that

Mopt n Cyli = 04 ({ZL’, fiopt (x)}xebase(cyl)) .
By ([dH]), we see that

(146) Epi|fi(Mgz) — I, _qz|? < é+ Epi| 77 (Tgz) — M, _gz|?.
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Lemma 23] and the fact that each f; satisfies (I38]) and (I43]) show that

(147) Ep,, [d(z, Min)?] < CoEp,, [d(z, Mop)?] + Coé.

The proof follows from (I39), (I40), and (I41). O

17. NUMBER OF ARITHMETIC OPERATIONS

in

After the dimension reduction of Section [ the ambient dimension is reduced to

N, In* (%) +logd!

€2 ’

n:=0

where
N, =V (T_d + (ET)%d) .

The number of times that local sections are computed is bounded above by the
product of the maximum number of cylinders in a cylinder packet (i.e., N, which
is less than or equal to 2—‘;) and the total number of cylinder packets whose cen-
ters are contained inside B, N (¢137)Z,. The latter number is bounded above by
(¢137) ™. Each optimization for computing a local section requires only a poly-
nomial number of computations as discussed in Section [[3.4 Therefore, the total

number of arithmetic operations required is bounded above by

exp <C <%> nlnTl) .

18. CONCLUSION AND FUTURE WORK

We developed an algorithm for testing if data drawn from a distribution sup-
ported on a separable Hilbert space have an expected squared distance of O(e) to
a submanifold (of the unit ball) of dimension d and volume at most V' and reach
at least 7. The number of data points required is of the order of

N, In* (%) +Iné !
n:=

€2 ’

where

1 1
N, :=V<ﬁ+—Td/2€d/2>,

and the number of arithmetic operations and calls to the black box that evaluates
inner products in the ambient Hilbert space is

exp (C’ (%) nlnT_l) .

An interesting question is to fit a manifold to data drawn i.i.d. from the uniform
distribution on a manifold in G(d, V, 7). In this case an exhaustive search for an
appropriate disc bundle is unnecessary. Instead, one can use local principal compo-
nent analysis to approximately learn the tangent spaces of the manifold from which
data are being drawn. These tangent spaces can be used to produce a cylinder
packet, which in turn can be used to construct a disc bundle that has as a section
the manifold underlying the data. This manifold can be reconstructed by patching
together local sections obtained using interpolation.
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/ T

29 Iﬂ2
FIGURE 7. A patch.

APPENDIX A. PrRoOF oF CraiM 1]

The following is an easy consequence of the implicit function theorem in fixed
dimension (d or 2d).

Lemma 25. Let I'y be a patch of radius v, over Iy centered at z, and tangent to
II; at z;1. Let zo belong to Ty and suppose ||z2 — z1|| < cor1. Assume

Co

r

Let 11y € dPL with dist(Ily,111) < ¢o. Then there exists a patch T'y of radius c1m
over Ily centered at zo with

IT1llenn ey <

200cy
||F2HC"111(BH(0,617“1)) = 1 ’
and or cr
FQHB'H (227%):]?1037{ (232, 121).

Here ¢y and c¢; are small constants depending only on d, and by rescaling, we
may assume without loss of generality that r; = 1 when we prove Lemma
The meaning of Lemma 23l is that if " is the graph of a map

U : By, (0,1) — Ty

with ¥(0) = 0 and ¥ (0) = 0 and the C'!-norm of ¥ is small, then at any point
z9 € I" is close to 0, and for any d-plane Il close to II;, we may regard I' near zo
as the graph I's of a map

U : B, (0,¢) — 115
here T'5 is centered at zy and the C*-norm of 1) is not much bigger than that of ¥,
see Figure [

A.0.1. Growing a patch.

Lemma 26 (“growing patch”). Let M be a manifold, and let 1,712 be as in the
definition of a manifold. Suppose M has infinitesimal reach > 1. Let T' C M be a
patch of radius r centered at 0, over Ty M. Suppose r is less than a small enough
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1040 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

constant ¢ determined by d. Then there exists a patch I'" of radius r + cry over
ToM, centered at 0 such that T Cc T'" C M.

Corollary 27. Let M be a manifold with infinitesimal reach > 1 and suppose
0 € M. Then there exists a patch I' of radius ¢ over Ty M such that I' C M.

Lemma 26] implies Corollary Indeed, we can start with a tiny patch T' (cen-
tered at 0) over To M, with I' C M. Such T exists because M is a manifold. By
repeatedly applying the lemma, we can repeatedly increase the radius of our patch
by a fixed amount cro; we can continue doing so until we arrive at a patch of radius
> c.

Proof of Lemma 26l Without loss of generality, we can take H = R @ H’ for a
Hilbert space H'; and we may assume that
ToM =R x {0} cR‘@H'.
Our patch I' is then a graph
I ={(z,¥(z)):z € Bpa(0,7)} CRIOH
for a C1'! map
v BRd(O,’f‘) — Hl,
with ¥(0) =0, 9¥(0) = 0, and

1l en B, (0. < Co-

For y € Bga(0,7), we therefore have |09 (y)| < Cy. If r is less than a small enough
¢, then Lemma 28] together with the fact that M agrees with a patch of radius r;
in Bragy ((y, ¥(y)),r2) (because M is a manifold) tells us that there exists a C'!
map
U, : Bra(y,d'ra) — H'

such that

M0 Bragou (3, ¥(0)), ¢'r2)

— (2 0,(2)) : 2 € Baa(y,'72)} 1 Bgagse (4, ¥(w), ")

Also, we have a priori bounds on [|0. ¥, (z)| and on ||¥y||s... It follows that when-
ever y1,y2 € Bgra(0,7) and z € Bga(y1,¢"'r2) N Bra(ya,c"'r2), we have ¥, (2) =

Uy, (2).
This allows us to define a global C'*! function

Ut 2 Bpa (0,7 + ¢"'ry) — H';
the graph of U™ is simply the union of the graphs of

\2% | Bpa(y,c'"'r2)

as y varies over Bra (0, 7). Since the graph of each ‘I’y|B]Rd(y,c“'r2) is contained in M,
it follows that the graph of U™ is contained in M. Also, by definition, " agrees
on Bga(y, " re) with a C11 function, for each y € Bga(0,7). It follows that

19 e <c

///T,z) >

0,rc

Also, for each y € Bga(0,7), the point (y, ¥(y)) belongs to
c///,r2

);

M0 Bragy ((y, ¥(y)), 1000
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hence it belongs to the graph of ¥,|p ey, and therefore it belongs to the
Y| Bga (y,c'"r2)

graph of ¥T. Thus I'" = graph of U™ satisfies I' ¢ ' € M, and I'" is a patch

of radius r + ¢’'ro over Ty M centered at 0. That proves the lemma. g

A.0.2. Global reach. For a real number 7 > 0, a manifold M has reach > 7 if and
only if every x € H such that d(z, M) < 7 has a unique closest point of M. By
Federer’s characterization of the reach in Proposition[I] if the reach is greater than
one, the infinitesimal reach is greater than 1 as well.

Lemma 28. Let M be a manifold of reach > 1, with 0 € M. Then, there exists a
patch T of radius ¢ over TyM centered at 0, such that

I'N By (0,¢) = M N By(0,0).
Proof. There is a patch I' of radius ¢ over Ty M centered at 0 such that
I'N By (0,¢%) € M N By (0,c*)

(see Lemma B6)). For any = € T'N By/(0,c), there exists a tiny ball B, (in H)
centered at x such that I' " B, = M N B,; that is because M is a manifold.
It follows that the distance from

o
=)

Pyes == TN Byu(0, 3

! Lo = {MOBH(O,%)] \ {FQB’H(O,%)]

is strictly positive.
Suppose I',,, intersects BH(O,%O); say, Yno € BH(O,%) NT,,. Also, 0 €
By (0, 100) Nlyes.

The continuous function By (0, 100) Sy d(y, o) — d(y,Tyes) is positive at
y = 0 and negative at y = y,,. Hence at some point,

Bay(0,
YHam S 'H( 7%);

we have
d(yHaTru Fyes) = d(yHamu Fno)-
It follows that ygam has two distinct closest points in M, and yet

#
C
d ams S—
(YHam, M) 100

since 0 € M and ygam € Bx(0, %0). That contradicts our assumption that M

has reach > 1. Hence our assumption that I',,, intersects By (0, %) must be false.

Therefore, by definition of I';,, we have

ot ot

B rnB
M By (0, 100)C NBu(0 155

—=)-

Since also
I'N By (0,¢*) € M N By(0,c%),
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1042 CHARLES FEFFERMAN, SANJOY MITTER, AND HARIHARAN NARAYANAN

it follows that
# oA

C
I'NnB —) = B —
N H(Oa 100) Mn H(Oa 100)7

proving the lemma. O

This completes the proof of Claim [

APPENDIX B. PROOF OF LEMMA [

Definition 24 (Rademacher complexity). Given a class F of functions f : X — R
a measure |1 supported on X, a natural number n € N, and an n-tuple of points
(x1,...,2p), where each z; € X, we define the empirical Rademacher complexity
R, (F,z) as follows. Let o = (01,...,0p) be a vector of n independent Rademacher
(i.e., unbiased {—1,1}-valued) random variables. Then,

R, (F,x) := Eol lsup <Z aif(asi)>] )

N fer \iZ

Proof. We will use Rademacher complexities to bound the sample complexity from
above. We know (see Theorem 3.2 [5]) that for all § > 0

Euf—IEHsf’ < 2R,(F,z) + 21%(2/6)] >1-3.

(148) P lsup
fer

Using a “chaining argument” the following claim is proved.

Claim 6.

(149) RFa e [T PN0S L),

S

When e is taken to equal 0, the above is known as Dudley’s entropy integral [21].

A result of Rudelson and Vershynin (Theorem 6.1, page 35 [48]) tells us that
the integral in (I49) can be bounded from above using an integral involving the
square root of the fat shattering dimension (or in their terminology, combinatorial
dimension). The precise relation that they prove is

(150) / NG LaG))dn < C / " ftatoy (F)dn,

for universal constants ¢ and C.
From Equations ([48), (I49), and ([I50), we see that if

s> g ((/m md7)2+logl/5>,

then

P lsup ‘Euf(xl) —-E,f| > e] <6 O
fer
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ApPPENDIX C. PROOF OF CLAIM
We begin by stating the finite class lemma of Massart ([37], Lemma 5.2).

Lemma 29. Let X be a finite subset of B(0,7) C R™, and let o1,...,0, be i.i.d.
unbiased {—1,1} random variables. Then, we have

1 & ry/21n | X
E, Sup—zaiﬂﬁi < ry2n|X| ‘
veX i "
We now move on to prove Claim This claim is closely related to Dudley’s
integral formula, but appears to have been stated for the first time by Sridharan-

Srebro [5I]. We have furnished a proof following Sridharan-Srebro [51]. For a
function class F C RY and points z,...,z, € X,

(151) Rs(f7x) S €+ 12/ \/h’lN(T}?-F; EQ(/"LS))dT}

S

Proof. Without loss of generality, we assume that 0 € F; if not, we choose some
function f € F and translate F by —f. Let M = sup;cz || fllz,(p,), Which we
assume is finite. For ¢ > 1, choose oy = M27¢, and let T; be a a;-net of F with
respect to the metric derived from Lo(us). Here pg is the probability measure that
is uniformly distributed on the s points x1,...,xs. For each f € F, and i, pick an
fi € Ty such that f; is an a;-approximation of f, ie., ||f — fillLo(ue) < i We use
chaining to write

N

(152) f:f_fN'f'Z(fj_fAjfl),
j=1
where fo = 0. Now, choose N such that § < M2~V <,
(153)
. [ 18 X N o X
Ry(F)=E Jflelgg ZUz‘ f(@i) = fn(zi) + Z(fj(fﬂi) — fi—1(%4))
i=1 j=1

(154) <E|sup= 3 oi(f(i) — fwlei)| +E

N

+Y E

Jj=1

feF 8 Z

sup =S o fy () — fj_1<xi>>]

(155) <E Sup(U,f—fN>L2(us))
| feF

We use Cauchy-Schwartz on the first term to give

(156) E sup(a,f - fN>L2(#s))] < E |sup HUHL2(#5) = fN|L2(#s))]
feF fer
(157) < e
Note that
(158) ||fj - fj—lHL2(Ms) < ||fj -f- (fj—l - f)”Lz(lJ«s) < ;o
(159) < 3aj.
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We use Massart’s lemma to bound the second term,

1< .
(160) E ;gggzaz(f( z;) = fi1(@))| =E Sp (0, (f5 = f-1)) L)
1=1
(161) 3/ 2In(|T5] - |T;_4])
- S
(162) < M
- S
Now, from Equations (I53), (Ix1), and (I62),
: [ N(ay, F, La(p))
(163) Ry(F) < 6—1—6;()4]'\/ a - 2
In N (tj, F, La(pts
(164) S 6+12Z a]+1 \/n (aj . 2(/’1’ ))
(165) - 6+12/ \/mN @ F, La(ps)) . o
(166) - e+12/ \/lnNafL2(Ms)) 0

APPENDIX D. PROOF OF LEMMA

Proof. We proceed to obtain an upper bound on the fat shattering dimension
fat, (Fre). Let 21,..., 25 be s points such that

VAQX::{xlv""'TS}’

and there exists V' := {v11,...,vp} € Band f € Fj ¢ where f(x) = max; min; v;;-x
such that for some t = (¢4,...,ts), for all

(167) . € A Vj €[], there exists i € [k] vy -, <t —7
and
(168) Ve, § A,3jel],Vie k] vz, >t +7.

We will obtain an upper bound on s. Let g := C} (7_2 log(s + kﬁ)) for a suf-
ficiently large universal constant Cy. Consider a particular A € X and f(z) :=
max,; min; v;; -  that satisfies (I67) and (IGS]).

Let R be an orthogonal projection onto a uniformly random ¢ dimensional sub-
space of span(X U V); we denote the family of all such linear maps . Let RX
denote the set {Rx1,..., Rxs} and, likewise, RV denote the set {Ruv1y,..., Rug}.
Since all vectors in X UV belong to the unit ball By, by the Johnson-Lindenstrauss
lemma, with probability greater than 1/2, the inner product of every pair of vectors
in RX U RV multiplied by % is within v of the inner product of the corresponding
vectors in X UV.
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Therefore, we have the following.

Observation 9. With probability at least % the following statements are true:

(169) Vz, € AVj € [0, 3i €[] (%) Ru; - Ray < t,
and
(170) Vo, & A,35 € [l, Vi € [k] (%) Rv;; - Rz, > t,.

Let R € R be a projection onto a uniformly random g dimensional subspace in
span(X U V). Let J :=span(RX), and let t/ : J — R be the function given by

7 (y) = ti, if y = Ra; for some i € [s];
¥ = 0, otherwise.

Let Fj 1 be the concept class consisting of all subsets of J of the form

o () (i ) <0}

where w11, ..., wys are arbitrary vectors in J.

Claim 7. Let yi,...,ys € J. Then, the number W(s,Fyre) of distinct sets
{Y1,---,ys} N1, 1 € Fypp is less than or equal to sOW(g+2)kE)

Proof of Claim [l Classical VC theory (Lemma []) tells us that the VC dimension
of half-spaces in the span of all vectors of the form (z; —t7(2)) is at most g + 2.
Therefore, by the Sauer-Shelah lemma (Lemma M), the number W (s, Fj11) of

distinct sets {y1,...,ys} NJ, 7€ Fy1,1 is less than or equal to Zf:oz (%), which is
less than or equal to s972. Every set of the form {y1,...,ys} N1, 1 € Fype can
be expressed as an intersection of a union of sets of the form {y1,...,ys} Ny, 7 €
Fi1,1,in which the total number of sets participating is £¢. Therefore, the number
W (s, Fyre) of distinct sets {y1,...,ys} N2, © € Fy11 is less than or equal to

W (s, Fz11)", which is in turn less than or equal to s(9+2)¢, O

By Observation[@ for a random R € R, the expected number of sets of the form
RX N, v € Fyp,e is greater than or equal to 25~1. Therefore, there exists an R € R
such that the number of sets of the form RX N1, 1 € F; ¢ is greater than or equal
to 2°~!. Fix such an R and set J := span(RX). By Claim [1

(171) 25— 1 < ghtlot+2),

Therefore s — 1 < kl(g + 2) log s. Assuming without loss of generality that s > k¢,
and substituting Cy (y~?log(s + k() for g, we see that

s<O (M’y_Q log? s) ,

.~ <0 (k—g)
log™(s) gl

and hence

implying that
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Thus, the fat shattering dimension fat., (Fy ¢) is O ((,’j—f) log? (%E)) . We indepen-

dently know that fat. (Fy ) is 0 for v > 2.
Therefore by Lemma [l if

2
2 \/kllog®(kt/~?)
(172) 5292 / —(d +1log1/o
€ ce Y

Y

)

then

P | sup >el <.

fer

By, f (i) = Euf

Let t =1n (@) Then the integral in (I72) equals

In(VEL/2) )
Vit / —tdt < CVEL (In(Cke/e?))”,
1

n(Ckl/e?)
and so if
C
s> 5 (ktIn* (k/€*) +log1/5)
then
P (sup |[E,, f(z;) —E,f| > €| <1-6. O
fer
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